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Abstract
Collaboration-based personalized federated learning (Co-PFL) miti-

gates data heterogeneity by enabling clients to selectively exchange

knowledge through a learned collaboration graph. Despite their suc-

cess, existing Co-PFL methods often update collaboration weights

mainly from pairwise similarity, which can produce graphs that

are either overly sparse and hinder knowledge propagation or

overly dense and weaken personalization, leaving graph connec-

tivity largely uncontrolled. In this paper, we propose FedPGP, a

Co-PFL framework that explicitly schedules collaboration from

dense to sparse over training rounds, enabling clients to first ex-

ploit broadly shared knowledge and then refine specialized knowl-

edge aligned with their local distributions. FedPGP builds on a

connectivity-aware similarity regularization that jointly accounts

for global graph connectivity and client-model similarity, together

with an efficient greedy pruning rule that removes edges with the

least contribution to the regularized objective. We further present

FedPGP+, a module-specific extension that learns different collabo-

ration graphs for different model modules, allowing collaboration

intensity to vary along model depth. Extensive experiments across

diverse non-IID settings show that FedPGP and FedPGP+ consis-

tently outperform state-of-the-art Co-PFL baselines, achieving up

to 5.52% absolute accuracy improvement, while producing inter-

pretable dense-to-sparse collaboration schedules.
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1 Introduction
Collaboration-based Personalized Federated Learning (Co-PFL) is

an emerging paradigm for tackling non-IID client data by enabling

selective knowledge sharing among clients [4, 24, 26, 43, 47]. Unlike

conventional PFL that personalizes local objectives or model com-

ponents [1, 3, 6, 30], Co-PFL personalizes server-side aggregation
through a weighted collaboration graph. The graph is often inferred

frommodel or parameter similarity [24, 26, 47], enabling each client

to selectively aggregate knowledge from relevant peers.

Most Co-PFL methods [4, 24, 26, 43, 47] jointly train client mod-

els and update the collaboration graph, but they treat the graph
structure as an unconstrained byproduct of training (see Fig. 1a).

This design ignores a key property of non-IID data: distribution

overlap across clients is often layered. Some overlap is broad and

shared by many clients (e.g., common features or prevalent classes),

while other overlap is narrow and limited to a few clients (e.g., rare
classes or localized patterns). Dense collaboration can accelerate

the learning of broad overlap through extensive signal averaging,

https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
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Figure 2: Collaboration graphs learned by FedPGP+ on CNN
for CIFAR-10 under 𝐷𝑖𝑟 (0.1), showing pairwise connectivity
in shallow, middle, and deep modules.

but it can also corrupt narrow overlap by injecting mismatched gra-

dients, causing negative transfer on minority modes [38]. Therefore,

beyond who to collaborate with, Co-PFL also faces a scheduling

question: how should collaboration evolve over training to
balance shared representation learning and client-specific
refinement?

We advocate a coarse-to-fine collaboration schedule: prioritize

broad sharing early, then progressively shift toward selective col-

laboration to mitigate interference and refine specialization. This

perspective aligns with the learning dynamics in neural networks,

where simpler patterns tend to be captured earlier than complex

structures [25, 32, 39]. For example, spectral analyses indicates

faster convergence on low-frequency components and curriculum-

like behavior where easier patterns are learned before harder ones

[34]. Translated to Co-PFL, these observations suggest that early
rounds should emphasize general knowledge transfer across
many clients, while later rounds should reduce collaboration
to stabilize client-specific adaptation.

Guided by this principle, we propose FedPGP, progressive col-
laboration pruning, which explicitly schedules collaboration from
dense to sparse (see Fig. 1b). We start from a fully-connected collab-

oration graph to encourage broad knowledge sharing. As training

proceeds, we iteratively prune edges so that each client aggre-

gates from a smaller set of increasingly relevant collaborators for

specialization. While prior Co-PFL methods [4, 24, 26, 43, 47]can

assign zero weights to irrelevant edges, they do not impose a tempo-
ral transition from generic dense collaboration to selective sparse

collaboration. FedPGP enforces this transition via an explicit col-

laborator pruning mechanism guided by a regularizer that balances

sharing and specialization over time.

We further develop FedPGP+, a module-wise extension that

allows different model modules to maintain distinct collaboration

graphs over the same client set. As shown in Fig. 2, the learned

collaboration graph structure becomes increasingly sparse from

shallow to deep modules: shallow modules retain dense graphs

(favoring broadly shared representations), while deeper modules

converge to selective and stable neighborhoods (favoring client-

specific refinements). This depth-dependent pattern provides an

interpretable support for our hypothesis that effective personaliza-

tion requires collaboration to evolve from generic sharing toward

specialization.

Our main contributions are as follows.

• We identify the collaboration scheduling gap in Co-PFL and

motivate a coarse-to-fine principle based on layered data

distribution overlap and neural learning dynamics.

• We propose FedPGP, a Co-PFL scheme that explicitly en-

forces dense-to-sparse collaboration. We further develop

FedPGP+ with module-wise collaboration graphs, yielding

interpretable collaboration patterns.

• Extensive evaluations show that we consistently outperform

state-of-the-art Co-PFL methods [11, 14, 18, 20, 28, 35, 36, 43,

44, 47] by up to 5.52% in accuracy on both image classification

and language understanding tasks.

2 Problem Statement
Consider collaboration-based personalized federated learning (Co-

PFL) with 𝑛 clients, where client 𝑖 holds a private local dataset

𝐷𝑖 . The datasets {𝐷1, . . . , 𝐷𝑛} are highly non-IID. The goal is to

learn personalized models 𝜽 = {𝜃1, . . . , 𝜃𝑛} by enabling selective

collaboration through a weighted graph 𝐺 (𝑉 ,𝒘), where 𝑉 is the

client set and 𝒘 = [𝑤𝑖 𝑗 ] ∈ R𝑛×𝑛
encodes pairwise collaboration

strengths [4, 24, 26, 43, 47].

Formulation. Co-PFL often jointly optimizes the personalized

models and collaboration weights:

min

𝜽 ,𝒘

𝑛∑︁
𝑖=1

𝑝𝑖 L(
𝑛∑︁
𝑗=1

𝑤𝑖 𝑗𝜃 𝑗 ;𝐷𝑖 ) + R(𝜽 ,𝒘) (1)

where 𝑝𝑖 is proportional to |𝐷𝑖 |, L(·;𝐷𝑖 ) is the empirical risk on

client 𝑖 , and
∑𝑛

𝑗=1𝑤𝑖 𝑗 is the personalized aggregation for client

𝑖 . R(𝜽 ,𝒘) is a regularization that specifies how the collaboration

relationship is estimated. It is often defined as the negation of

certain similarity metric between client model parameters, e.g.,
cosine similarity

∑𝑛
𝑖,𝑗=1𝑤𝑖 𝑗 cos(𝜃𝑖 , 𝜃 𝑗 ) [47], and is either optimized

with L(·) jointly [13, 43, 47] or iteratively [11, 22, 36].

Workflow. We focus on iterative Co-PFL, where the server al-

ternates between estimating collaboration weights and producing

personalized models for the next round. Each communication round

𝑡 consists of three phases: collaboration graph update, personalized

model aggregation, and local training.

• Collaboration Graph Update. Given the client models

{𝜃 𝑡−1𝑗 }𝑛𝑗=1 at round 𝑡 , the server updates the collaboration

graph weights𝒘 by minimizing R𝑖 (·) in Eq. (1).

min

𝑤𝑖

R({𝜃 𝑡−1𝑗 }𝑛𝑗=1,𝒘)
s.t.

∑𝑛
𝑗=1𝑤𝑖 𝑗 = 1, 𝑤𝑖 𝑗 ≥ 0, ∀𝑗 .

(2)

• Personalized Model Aggregation. Based on the collabora-

tion weights𝒘 , the server aggregates client models from the

previous round to produce personalized initialization 𝜃 𝑡𝑖 to

be dispatched to client 𝑖 for the next round:

𝜃 𝑡𝑖 =

𝑛∑︁
𝑗=1

𝑤𝑖 𝑗𝜃
𝑡−1
𝑗 (3)

• Local Training. Upon receiving the aggregated initializa-

tion 𝜃 𝑡𝑖 , each client performs local training on its private

dataset 𝐷𝑖 by minimizing the empirical risk:

𝜃 𝑡𝑖 ← 𝜃 𝑡𝑖 − 𝜂∇𝐹𝑖 (𝜃 𝑡𝑖 ;𝐷𝑖 ) (4)
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where 𝐹𝑖 (·;𝐷𝑖 ) is the local empirical loss and𝜂 is the learning

rate. The updated models {𝜃 𝑡𝑖 } are then uploaded to the

server for the next communication round.

Our Objective.While Eq. (2) estimates who collaborates with whom
through𝒘 , existing Co-PFL methods do not control the density of

the collaboration graph. This can be suboptimal because overly

dense collaboration may induce negative transfer by mixing in-

compatible clients, whereas overly sparse collaboration can isolate

clients and slow down knowledge propagation [38]. Inspired by

neural training dynamics [25, 32, 34, 39], we aim to design a Co-

PFL algorithm that progressively controls collaboration density over

rounds: (i) start with broad collaboration (a dense graph) to dissem-

inate shared knowledge and stabilize early optimization; and (ii)
gradually become selective by pruning unhelpful edges, so that each
client ultimately collaborates with a small relevant neighborhood.

3 Method
3.1 FedPGP Overview
We propose FedPGP (Federated Learning with Progressive-Graph
Pruning), a Co-PFL scheme that gradually transitions from broad

sharing to selective cooperation.

Key Idea. Instead of estimating collaboration weights 𝑤𝑖 𝑗 solely

from e.g., pairwise model similarity, FedPGP explicitly schedules the

collaboration graph to evolve from dense to sparse. To enable direct
control of graph connectivity, we parameterize the graph with

per-client collaboration sets {C1, . . . , C𝑛}, where C𝑖 ⊆ {1, . . . , 𝑛}
denotes the clients whose models are aggregated to update client

𝑖 . This design offers two benefits. (i) It provides an explicit handle

to regulate each client’s collaboration candidates (and thus the

overall connectivity) across rounds. (ii) It converts collaboration-
graph optimization from continuous weights𝑤𝑖 𝑗 to discrete sets C𝑖 ,
allowing a simple greedy update rule. As we empirically show in

Sec. 4.3, greedily updating C𝑖 across rounds can effectively reduce

the regularizationR(·), avoiding expensive per-roundminimization

(e.g., quadratic programming) implied by Eq. (2).

New Components. FedPGP follows the three-phase workflow in

Sec. 2, but replaces the collaboration-graph update with progressive

pruning.

• We introduce a connectivity-aware similarity regularization
R (Sec. 3.2) that jointly accounts for model similarity and

graph connectivity when updating collaboration.

• Guided byR, we progressively prune the graph at each round
(Sec. 3.3) by removing, from each C𝑖 , the edges that yield
the smallest improvement measured by ΔR. This induces a
monotonic dense-to-sparse transition during collaboration

graph update. A detailed convergence analysis of our method

is in Appendix A.2.

• To further examine dense-to-sparse scheduling, we propose

a module-wise extension, FedPGP+, which allows different

connectivity levels at different model depths (Sec. 3.4). We

empirically show that (Sec. 4.2) the learned graphs tend to

become sparse in deeper layers, and that this depth-varying

connectivity improves accuracy over FedPGP, offering an

interpretable validation of our scheduling hypothesis.

Algorithm 1: FedPGP
Input: Clients’ model parameters 𝜃1, ..., 𝜃𝑛 , local dataset

𝐷1, ..., 𝐷𝑛

Output: Personalized models 𝜃 𝑡
1
, ..., 𝜃 𝑡𝑛

1 for client 𝑖 = 1, 2, . . . 𝑛 do
2 Initialize collaboration set C𝑖 ← {1, . . . , 𝑛}
3 for round 𝑡 = 1, 2, . . . ,𝑇 do
4 // Local Training

5 for client 𝑖 = 1, 2, . . . , 𝑛 do
6 𝜃 𝑡𝑖 ← LocalTrain(𝜃 𝑡−1𝑖 , 𝐷𝑖 )
7 // Progressive Pruning

8 for pruning counter 𝑐 = 1, 2, . . . , 𝑐max do
9 Initialize candidate list I ← ∅

10 for each edge (𝑖, 𝑗) with 𝑗 ∈ 𝐶𝑖 do
11 Compute ΔR𝑖 𝑗 using Eq. (9)

12 if ΔR𝑖 𝑗 < 0 then
13 Add (ΔR𝑖 𝑗 , 𝑖, 𝑗) to candidate list I

14 if I is empty then
15 break
16 Find (𝑖∗, 𝑗∗) ← argmin(𝑖, 𝑗 ) ΔR𝑖 𝑗 in I
17 Remove C𝑖 ← C𝑖 \ { 𝑗}
18 // Collaboration Graph Update

19 for client 𝑖 = 1, 2, . . . , 𝑛 do
20 𝑤𝑖 𝑗 ←

1𝑗 ∈C𝑖 |𝐷 𝑗 |∑
𝑗 ∈C𝑖 |𝐷 𝑗 |

21 // Personalized Aggregation

22 for client 𝑖 = 1, 2, . . . , 𝑛 do
23 Aggregate 𝜃 𝑡𝑖 using Eq. (3)

Workflow. Algorithm 1 summarizes FedPGP. We initialize each

collaboration set as fully connected (C (0)
𝑖

= {1, . . . , 𝑛}), yielding
a dense graph. In each round, clients perform local training and

upload updated models to the server (Lines 3-6). The server then

greedily prunes edges to improve R(·) (Lines 8-17), reconstructs
the collaboration weights (Lines 18-20), and performs client-wise

personalized aggregation using the refined graph (Lines 21-23).

3.2 Connectivity-Aware Similarity
Regularization

In FedPGP, we design a connectivity-aware regularization term for

Eq. (1) that jointly accounts for (i) global graph connectivity and

(ii) pairwise model similarity.

R(𝜽 ,𝒘) = −(𝛼 · Φ(𝒘) + (1 − 𝛼) · 𝜽⊤𝒘𝜽 ) (5)

where Φ(𝒘) quantifies the connectivity of the collaboration graph,

𝜽⊤𝒘𝜽 measures cross-client similarity, and 𝛼 ∈ [0, 1] balances the
two terms.

• Connectivity term. We measure connectivity using the

Fiedler value [9, 29], i.e., the second smallest eigenvalue of

the graph Laplacian:

Φ(𝒘) = 𝜆2 (𝐼 − 𝐷−1/2𝒘𝐷−1/2) (6)
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where 𝐷 is the degree matrix of𝒘 . A larger 𝜆2 (·) indicates
stronger global connectedness and thusmore effective knowl-

edge propagation, while 𝜆2 (·) = 0 implies that the graph is

disconnected.

• Similarity term. The quadratic form can be written as∑𝑛
𝑖=1

∑𝑛
𝑗=1𝑤𝑖 𝑗𝜃

⊤
𝑖 𝜃 𝑗 , which matches the similarity-driven col-

laboration objective in many Co-PFL methods [36, 47]. The

inner product 𝜃⊤𝑖 𝜃 𝑗 can be replaced by other similarity mea-

sures, such as cosine [13] or 𝐿1/𝐿2 distances [26]. We em-

pirically show that FedPGP remains effective under these

alternatives (see Sec. 4.3).

Efficient Approximation of ΔR. As described in Sec. 3.3, our

pruning rule requires evaluating the change ΔR𝑖 𝑗 by removing a

candidate edge (𝑖, 𝑗) in each round. For the similarity term, remov-

ing (𝑖, 𝑗) yields
Δ(𝜽⊤𝒘𝜽 ) ≈ −2𝑤𝑖 𝑗 𝜃

⊤
𝑖 𝜃 𝑗 (7)

which can be computed directly.

Estimating the connectivity variation ΔΦ(𝒘) is more challenging,

because it would require recomputing the algebraic connectivity

of the Laplacian after each candidate removal. With 𝑂 (𝑛2) candi-
date edges, a naive implementation would incur 𝑂 (𝑛2) eigenvalue
computations per round. To avoid this cost, we leverage the Fiedler

vector 𝒖 associated with 𝜆2. By first-order eigenvalue perturbation

theory [9, 29], the connectivity change from removing (𝑖, 𝑗) can be

approximated as

ΔΦ(𝒘) ≈ −𝑤𝑖 𝑗 (𝑢𝑖 − 𝑢 𝑗 )2 (8)

We provide a brief justification in Appendix A.1. Substituting this

approximation into ΔR𝑖 𝑗 enables efficient pruning without repeated

eigenvalue recomputation.

3.3 Collaboration Graph Pruning and Update
Instead of directly minimizing Eq. (2) over continuous weights𝑤𝑖 𝑗 ,

FedPGP adopts a greedy progressive pruning strategy. It iteratively

removes edges from discrete collaboration sets {C𝑖 }, and then de-

terministically reconstructs the corresponding weights from the

updated sets.

Collaboration Graph Pruning. In each round, we assess how

removing an edge (𝑖, 𝑗) would change the regularization R(𝜽 ,𝒘).
Let ΔR𝑖 𝑗 be the change in R after deleting (𝑖, 𝑗):

ΔR𝑖 𝑗 = −𝛼ΔΦ(𝒘) − (1 − 𝛼)Δ(𝜽⊤𝒘𝜽 ) (9)

We prune edges according to the following criteria:

• Improving edges only. We only consider edges whose

removal reduces R, i.e., ΔR𝑖 𝑗 < 0.

• Largest decrease first. Among these candidates, we priori-

tize the edges with the most negative ΔR𝑖 𝑗 (i.e., those whose
removal yields the largest reduction in R).

To control the sparsification rate, we prune at most 𝑐max edges per

round for each client as in Algorithm 1.

GraphWeight Update. Given the updated collaboration sets {C𝑖 },
we reconstruct collaboration weights deterministically via normal-

ized data-size weighting:

𝑤𝑖 𝑗 =
1𝑗∈C𝑖 |𝐷 𝑗 |∑
𝑗∈C𝑖 |𝐷 𝑗 |

(10)

3.4 FedPGP+: Module-Specific Extension
Different modules of a deep model often encode features at dif-

ferent levels of generality: shallow layers capture broadly shared

patterns, while deeper layers specialize to client-specific represen-

tations [2, 30]. Motivated by this observation, we extend FedPGP to

FedPGP+, which allows collaboration to vary across model modules

by learning module-specific collaboration graphs.

Module-Wise Collaboration Graphs. FedPGP+ partitions the

model into a set of modules M and maintains an independent

collaboration graph for each module𝑚 ∈ M. For module𝑚, we

apply the same connectivity-aware regularization in Sec. 3.2:

R(𝜽𝑚,𝒘𝑚) = −(𝛼 · Φ(𝒘𝑚) + (1 − 𝛼) · (𝜽𝑚)⊤𝒘𝑚𝜽𝑚) (11)

where𝒘𝑚
is the collaboration graph for module𝑚, and 𝜽𝑚 collects

the corresponding module parameters across clients. We then up-

date each𝒘𝑚
using the same greedy pruning rule as in Sec. 3.3, but

applied independently per module.

Module-Wise Personalized Aggregation. Given𝒘𝑚
, the aggre-

gated parameters of module𝑚 for client 𝑖 at round 𝑡 are

𝜃
𝑚,𝑡
𝑖

=
∑︁
𝑗∈𝐶𝑖

𝑤𝑚
𝑖 𝑗 𝜃

𝑚,𝑡
𝑗

(12)

where C𝑚𝑖 is the collaboration set induced by 𝒘𝑚
. The personal-

ized model for client 𝑖 is then obtained by assembling all module

aggregates: 𝜃 𝑡𝑖 = Concat[𝜃 1,𝑡
𝑖
, . . . , 𝜃

|M |,𝑡
𝑖
].

By allowing different modules to collaborate with different con-

nectivity levels, FedPGP+ provides a flexible mechanism to combine

broadly transferable features with client-specific specialization.

Process of FedPGP+. The process of FedPGP+ is detailed in Al-

gorithm 2. The main difference of FedPGP+ is its module-wise

collaboration mechanism, which includes:

• Module-specific collaboration set initialization (Lines 1-4),

• Independent progressive pruning for each module (Lines

9-11),

• Per-module graph weight updates (Line 12),

• Module-level personalized aggregation (Line 13),

• Final model reconstruction through module concatenation

(Lines 14-16).

3.5 Analysis
Convergence Analysis. The convergence property of FedPGP is

formally characterized in the following theorem, and the detailed

proof is provided in Appendix A.2.

Theorem 1. Under Assumptions A.1–A.4, FedPGP converges to a
stationary point with the following convergence bound:

min

𝑡 ∈[𝑇 ]

𝑛∑︁
𝑖=1

𝑝𝑖E
[


∇𝐹𝑖 (𝜃 (𝑡 )𝑖

)



2] ≤ O ( 1

√
𝜏𝑇

)
+ O

(
1

𝑇 3/2

)
+ O

( 𝜏
𝑇

)
.

(13)

where 𝑛 is the number of clients, 𝑇 is the total number of com-

munication rounds, 𝜏 is the number of local training steps, 𝑝𝑖 is

proportional to |𝐷𝑖 |, and the remaining constants are defined in

Assumptions A.1–A.4.

Scalability. FedPGP scales to larger client populations since its ex-

tra cost is mainly incurred by server-side graph pruning. The graph

update has a complexity of𝑂 (𝑛2 log𝑛) for 𝑛 clients and takes about

0.25s with 100 clients in our implementation. A complexity-based
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Algorithm 2: FedPGP+
Input: Clients’ module-wise parameters {𝜃𝑚

1
, . . . , 𝜃𝑚𝑛 }𝑚∈M ,

local datasets 𝐷1, . . . , 𝐷𝑛

Output: Personalized models {𝜃 𝑡
1
, . . . , 𝜃 𝑡𝑛}

1 // Initialization per module

2 for each module𝑚 ∈ M do
3 for client 𝑖 = 1, . . . , 𝑛 do
4 Initialize collaboration set C𝑚𝑖 ← {1, . . . , 𝑛}

5 for round 𝑡 = 1, 2, . . . ,𝑇 do
6 // Local Training

7 for client 𝑖 = 1, . . . , 𝑛 do
8 𝜃 𝑡𝑖 ← LocalTrain(𝜃 𝑡−1

𝑖 , 𝐷𝑖 )
9 // Module-wise progressive pruning &

aggregation
10 for each module𝑚 ∈ M do
11 Progressive pruning on C𝑚𝑖 (as in Alg. 1)

12 Update weights𝑤𝑚
𝑖 𝑗 from C𝑚𝑖

13 Aggregate 𝜃
𝑚,𝑡
𝑖

using Eq. (12)

14 // Merge modules

15 for client 𝑖 = 1, . . . , 𝑛 do
16 𝜃 𝑡

𝑖 ← Concat
[
𝜃
1,𝑡
𝑖
, . . . , 𝜃

|M |,𝑡
𝑖

]

estimate suggests that the latency remains only several seconds

when scaling to 500 clients. In practice, the cost can be further

reduced as the collaboration graph becomes progressively sparse

during pruning.

Communication Overhead. FedPGP maintains the same commu-

nication pattern as standard iterative Co-PFL: each round clients

upload their updated models and download personalized initializa-

tions. The transmitted message sizes are identical to vanilla Co-PFL

methods, without introducing any additional communication over-

head.

Privacy Preservation. Our method preserves the same privacy

guarantees as standard federated learning. All client data remain

on-device, and the server operates only on model parameters. The

collaboration graph is constructed solely from uploaded model

parameters, without accessing raw data or requiring additional

privacy-sensitive information.

4 Experiment
4.1 Experiment Setup
Baselines. We compare with ten baselines: three generic FL meth-

ods (FedAvg [28], FedProx [20], MOON [18]), four clustered FL

methods (CFL [36], IFCA [11], ICFL [44], CFL-GP [14]), and three

Co-PFL methods (pFedGraph [47], FedSaC [43], FedSoft [35]).

For FedPGP, we set 𝛼 = 0.5 and 𝑐max = 500. For FedPGP+, we

split the model into two modules (70%/30%).

Datasets and Models. We test three tasks. (i) Image classification:

MNIST [16], FashionMNIST [42], EMNIST [5], and CIFAR-10 [15],

using a 2-layer CNN. (ii) Language understanding: SST-2 [37] and

IMDB [27], using a 12-layer BERT with hidden size 128. (iii) Object

detection: BDD100K [48] and KITTI [10], using YOLOv5n. We sim-

ulate non-IID data via Dirichlet partitioning [12, 17] with 𝐷𝑖𝑟 (0.1)
and 𝐷𝑖𝑟 (1.0). For classification and language tasks, we report test

accuracy; for detection tasks, we report mAP@0.5.

Main results are reported on image classification, language un-

derstanding, and object detection tasks, while micro-benchmarks

are conducted on image tasks. Unless otherwise specified, we report

test accuracy.

Configurations. We simulate 100 clients with full participation

(client sampling rate = 1). The number of communication rounds is

𝑇 = 200, with 𝜏 = 5 local epochs per round. We use a batch size of

64 and learning rate 𝜂 = 0.01. SGD is adopted with momentum 0.9,

weight decay 1 × 10−4, and a learning rate decay of 0.99.

Environment. Experiments are run on an Intel Xeon Gold 6230R

CPU and NVIDIA A100 GPUs with 40GB memory.

4.2 Main Results
Table 1, Table 2 and Table 3 report the performance of FedPGP

and FedPGP+ on image classification, language understanding

tasks, and object detection tasks, respectively. The best result is

bold-underlined and the second-best is underlined.

Takeaways.We highlight four observations.

• FedPGP achieves the best (or tied-best) accuracy across
datasets and heterogeneity levels. On the four image

datasets, FedPGP improves the strongest baseline by up to

2.64% under 𝐷𝑖𝑟 (0.1) and 3.28% under 𝐷𝑖𝑟 (1.0). The trend
also holds for language tasks, where FedPGP improves the

strongest baseline by up to 1.35% (SST-2) and 0.50% (IMDB).

On object detection, FedPGP improves the strongest baseline

by up to 1.78% on BDD100K and 1.01% on KITTI in mAP@0.5.

Overall, progressive collaboration pruning provides robust

gains that generalize beyond a particular dataset type or

modality.

• FedPGP+ further improves accuracy via module-aware
collaboration scheduling. FedPGP+ further improves over

FedPGP with consistent additional gains. The improvement

reaches up to 3.55% under𝐷𝑖𝑟 (0.1) and 3.84% under𝐷𝑖𝑟 (1.0)
on image tasks, and up to 1.50% on SST-2 and 1.20% on

IMDB. On object detection, FedPGP+ further improves over

FedPGP by up to 0.86% on BDD100K and 0.53% on KITTI.

This suggests that where and when to specialize can differ

across model components, making a single global schedule

suboptimal.

• Collaboration scheduling matters more as tasks be-
come harder. The gains are modest on simpler tasks (e.g.,
on MNIST, FedPGP+ improves the strongest baseline by

0.46% under 𝐷𝑖𝑟 (0.1)), but become notable on more com-

plex datasets (up to 4.89% on CIFAR-10 and 2.75% on EM-

NIST under 𝐷𝑖𝑟 (0.1)), where early broad collaboration helps

learn transferable representations and later pruning enables

specialization.

• Collaboration scheduling outweighs complex collabo-
ration metrics. FedPGP outperforms FedSaC, which uses

both similarity and complementarity signals, even though
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Table 1: Accuracy comparison over image classification tasks.

Type Methods

MNIST (%) FashionMNIST (%) CIFAR-10 (%) EMNIST (%)

𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0) 𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0) 𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0) 𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0)

Generic FL

FedAvg 97.25±0.09 97.73±0.03 85.62±0.72 89.33±0.14 58.55±2.31 63.83±0.04 85.43±0.42 87.66±0.20

FedProx 97.48±0.05 97.77±0.05 85.18±0.72 89.30±0.16 58.88±2.77 63.86±0.06 85.11±0.46 87.74±0.15

MOON 97.44±0.15 97.73±0.07 83.92±1.27 89.14±0.28 58.20±2.81 62.95±0.11 83.99±0.65 87.82±0.15

Clustered FL

CFL 97.06±0.02 97.04±0.03 88.05±0.36 87.60±0.25 61.86±1.36 61.87±0.03 86.68±0.44 86.53±0.18

IFCA 97.64±0.01 97.54±0.06 90.07±0.35 89.36±0.29 73.58±1.28 63.74±0.04 87.37±0.28 87.47±0.19

ICFL 97.86±0.05 97.80±0.04 85.29±0.71 89.21±0.29 57.73±2.86 62.96±0.07 84.50±0.58 87.49±0.17

CFL-GP 97.00±0.02 97.39±0.01 87.33±0.43 88.42±0.09 67.26±1.61 62.40±0.02 83.07±1.16 86.01±0.21

Co-PFL

pFedGraph 95.77±0.09 96.67±0.03 85.87±0.37 86.29±0.05 74.05±4.26 58.85±0.06 89.70±0.15 82.66±0.04

FedSaC 96.07±0.42 93.90±0.74 89.91±0.35 86.60±0.64 77.61±1.05 52.34±0.43 91.02±0.44 87.27±0.63

FedSoft 97.49±0.02 97.78±0.03 85.50±0.38 89.57±0.16 76.98±0.28 62.62±0.06 84.01±0.41 86.77±0.16

Ours

FedPGP 98.20±0.03 97.89±0.02 90.12±0.08 89.82±0.03 78.95±0.16 67.14±0.11 93.66±0.07 88.07±0.03

FedPGP+ 98.32±0.05 98.22±0.04 92.70±0.22 89.85±0.08 82.50±0.38 67.52±0.40 93.77±0.07 91.91±0.14

Table 2: Accuracy comparison over NLP tasks.

Type Methods

SST-2 (%) IMDB (%)

𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0) 𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0)

Generic FL

FedAvg 83.92±0.56 85.88±0.07 83.47±2.68 86.08±0.33

FedProx 84.66±0.25 85.95±0.09 85.89±2.13 86.10±0.19

MOON 75.10±0.38 85.10±0.18 74.49±2.06 85.92±0.21

Clustered FL

CFL 85.52±0.48 85.72±0.09 85.33±1.17 86.17±0.41

IFCA 77.50±0.18 72.48±0.24 80.87±2.61 85.49±0.11

ICFL 84.35±0.09 86.13±0.12 83.60±3.31 85.55±0.14

CFL-GP 89.09±0.71 87.85±0.07 86.15±1.02 86.45±0.25

Co-PFL

pFedGraph 84.19±0.13 86.24±0.02 83.93±1.01 86.01±0.03

FedSaC 88.75±0.89 87.45±0.33 86.06±1.31 85.45±0.06

FedSoft 81.92±0.21 84.79±0.10 81.20±1.91 85.46±0.08

Ours

FedPGP 90.44±0.06 88.04±0.05 86.36±0.09 86.95±0.12

FedPGP+ 91.94±0.03 88.15±0.05 87.56±0.04 87.22±0.09

Table 3: mAP@0.5 comparison over object detection tasks.

Type Methods

BDD100K (%) KITTI (%)

𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0) 𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0)

Generic FL

FedAvg 26.16±1.33 25.42±0.42 56.67±0.47 66.39±0.11
FedProx 25.96±2.12 25.53±0.18 58.27±0.38 66.13±0.07
MOON 26.85±1.94 25.27±0.29 59.72±0.41 66.29±0.20

Clustered FL

CFL 26.61±0.87 24.76±0.37 58.02±0.51 65.94±0.12
CFL-GP 25.13±1.58 24.11±0.16 60.92 ±0.44 66.50±0.10
IFCA 21.33±3.62 24.73±0.19 56.72±0.59 65.27±0.29
ICFL 26.23±1.17 25.36±0.28 58.23±0.14 66.30±0.08

Co-PFL

pFedGraph 26.26±0.74 25.27±0.43 57.89±0.15 66.46±0.04
FedSaC 25.98±1.34 25.38±0.35 59.06±0.77 65.99±0.21
FedSoft 25.83±0.58 25.21±0.73 59.53±0.31 66.58±0.05

Ours

FedPGP 27.91±0.03 27.31±0.08 61.93±0.09 67.38±0.07
FedPGP+ 28.77±0.11 27.63±0.04 62.41±0.03 67.91±0.06

our pruning criterion is similarity-based. A plausible explana-

tion is that dense-to-sparse scheduling can implicitly induce

complementarity over time.

• Graph-based collaboration are more critical than clus-
tering. Clustered FL baselines that progressively split clients
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Figure 3: Impact of collaboration order.

still lag behind our methods, likely due to knowledge isola-

tion after cluster partitioning. For example, on CIFAR-10 un-

der 𝐷𝑖𝑟 (0.1), FedPGP+ surpasses the best clustered method

IFCA by 8.92%.

4.3 Micro Benchmarks
Effectiveness of Dense-to-Sparse Collaboration. Fig. 3 exam-

ines whether the order of collaboration matters by reversing our

progressive pruning. Instead of starting from a fully-connected

graph and gradually removing edges, we initialize the graph as

isolated and progressively densify it by adding edges according to

model similarity.

The reversed schedule can yield slightly higher accuracy in the

early rounds, as early selective collaboration induces faster short-

term specialization. However, as training proceeds, it consistently

underperforms FedPGP, and the gap persists even after many edges

are added. These results suggest that early dense connectivity is

important for learning transferable representations, whereas en-

forcing similarity-based collaboration too early leads to premature

specialization and worse final accuracy.

Applicability of Collaboration Scheduling. We further test

whether dense-to-sparse scheduling is useful by augmenting two

strong Co-PFL baselines, pFedGraph and FedSaC, with our progres-

sive scheduler while preserving their collaboration metrics.
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Figure 4: Applicability of collaboration scheduling.

Table 4: Impact of similarity metric.

Similarity Metrics

CIFAR-10 EMNIST

𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0) 𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0)

Euclidean

Acc (%) 80.04 57.57 92.35 85.84

Edge (%) 2.67 2.06 2.02 2.73

Cosine

Acc (%) 78.95 67.14 93.66 88.07

Edge (%) 29.45 51.39 24.16 48.42

Pearson

Acc (%) 80.87 66.89 91.56 87.46

Edge (%) 2.69 37.09 21.62 66.44

As shown in Fig. 4, the original methods converge slightly faster

in early rounds but soon plateau. In contrast, their scheduled vari-

ants achieve higher final accuracy after an initial phase of enforced

broad collaboration. This confirms that guiding collaboration from

generic to specialized is a general strategy for boosting Co-PFL,

orthogonal to the underlying collaboration metric.

Impact of Similarity Metric. Table 4 compares FedPGP under

three client similarity metrics on CIFAR-10 and EMNIST. Overall,

FedPGP achieves comparable accuracy across all three options.

This suggests that progressive pruning is not tied to a particular

similarity definition.

Collaboration Graph vs. Data Heterogeneity. Fig. 5 visualizes
the learned collaboration graphs of FedPGP on CIFAR-10 under

different non-IID settings. A higher connectivity ratio indicates

stronger inter-client collaboration. The final graph is sparser under

𝐷𝑖𝑟 (0.1) (29.2%) and becomes denser under 𝐷𝑖𝑟 (1.0) (50.9%), sug-
gesting that more aligned client data naturally promotes broader

collaboration.

CollaborationGraph vs.Module Depth. Fig. 6 shows the learned
collaboration graphs of FedPGP+ on CIFAR-10, highlighting its

depth-adaptive collaboration. Under the highly non-IID setting

(𝐷𝑖𝑟 (0.1)),𝑚1 remains dense (connectivity 62.7%), whereas𝑚2 is al-

most isolated (2.3%), indicating that FedPGP+ suppresses deep-layer

collaboration to better preserve personalization. When the data dis-

tribution is more homogeneous (𝐷𝑖𝑟 (1.0)),𝑚1 stays similarly dense

(62.7%) while 𝑚2 becomes substantially more connected (44.8%),

reflecting a shift to stronger cross-client sharing when client data

are more aligned. Overall, FedPGP+ modulates collaboration across

depth, maintaining broad sharing for general features while restrict-

ing deeper-layer collaboration in heterogeneous environments.

0 20 40 60 80
Client ID

0

20

40

60

80

C
lie

nt
 ID

Connectivity: 29.2%

(a) CIFAR-10 𝐷𝑖𝑟 (0.1)

0 20 40 60 80
Client ID

0

20

40

60

80

C
lie

nt
 ID

Connectivity: 50.9%

(b) CIFAR-10 𝐷𝑖𝑟 (1.0)

Figure 5: Collaboration graphs learned by FedPGP.
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Figure 6: Collaboration graphs learned by FedPGP+.

Dynamics of Regularization Term. To verify that progressive

pruning minimizes the regularization R and correlates with im-

proved accuracy, we trackR(𝜽 ,𝒘) and test accuracy during training.
Fig. 7 and Fig. 8 plot their trajectories on CIFAR-10 for FedPGP and

FedPGP+. In both cases, we observe a clear negative correlation:

as R(𝜽 ,𝒘) decreases, accuracy increases. This suggests that min-

imizing R steers the system toward more coherent collaboration

and better optimization. Moreover, R(𝜽 ,𝒘) converges more slowly

under high heterogeneity (𝐷𝑖𝑟 (0.1)), since identifying stable col-

laboration relations requires more pruning. For FedPGP+, R differs

across modules: the shallow module𝑚1 maintains higher values,

consistent with stronger connectivity, whereas the deep module𝑚2

exhibits lower values, aligning with higher similarity and a stronger

emphasis on local stability. Overall, these dynamics support the
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Figure 7: Evolution of R(𝜽 ,𝒘) and accuracy of FedPGP.
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Figure 8: Evolution of R(𝜽 ,𝒘) and accuracy of FedPGP+.
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Figure 9: Impact of 𝛼 on collaboration graph and accuracy.

benefit of hierarchical scheduling in balancing global knowledge

propagation and deep-layer personalization.

4.4 Impact of Hyperparameters
FedPGP has two hyperparameters: the balance weight 𝛼 in Eq. (5)

and the per-round pruning budget 𝑐max. FedPGP+ further intro-

duces the module partition (number of modules𝑚) and optionally

module-specific weights 𝛼𝑚 . We study how these choices affect

collaboration graph and final accuracy.

Impact of 𝛼 . Fig. 9 varies 𝛼 ∈ {0.1, 0.3, 0.5, 0.7, 0.9} and reports

accuracy and the remaining-edge ratio after pruning. Larger 𝛼

yields denser graphs (stronger sharing), while smaller 𝛼 promotes

sparsity (stronger specialization).

Under high heterogeneity (𝐷𝑖𝑟 (0.1)), smaller 𝛼 performs best,

due to need for personalization. Under 𝐷𝑖𝑟 (1.0), accuracy peaks at

a moderate 𝛼 , indicating that some connectivity is still beneficial

when heterogeneity is mild. Overall, 𝛼 ∈ [0.3, 0.5] provides a good
balance across settings.
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Figure 10: Impact of 𝑐max on collaboration graph and accu-
racy.

Table 5: Impact of Collaboration Item Number.

Methods

CIFAR-10 (%) EMNIST (%)

𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0) 𝐷𝑖𝑟 (0.1) 𝐷𝑖𝑟 (1.0)
FedPGP 78.95 67.14 93.66 88.07

FedPGP+ (2) 82.50 (+3.55) 67.52 (+0.38) 93.77(+0.11) 91.91 (+3.84)

FedPGP+ (3) 82.46 (+3.51) 67.60 (+0.46) 93.87 (+0.21) 91.29 (+3.22)

FedPGP+ (4) 83.22 (+4.27) 68.57 (+1.43) 94.41 (+0.75) 91.95 (+3.88)

Impact of 𝑐max. Fig. 10 varies 𝑐max ∈ {2, 4, 6, 8, 10} and tracks accu-

racy and the convergence of the regularization R(𝜽 ,𝒘). Larger 𝑐max

prunes more edges per round and thus produces sparser graphs. Ac-

curacy improves with larger 𝑐max under 𝐷𝑖𝑟 (0.1), but quickly satu-

rates under 𝐷𝑖𝑟 (1.0). This suggests that aggressive pruning is more

beneficial when heterogeneity is high, whereas mild heterogene-

ity only requires moderate pruning to retain effective knowledge

sharing.

Impact of Module Number. Table 5 evaluates the partition gran-

ularity in FedPGP+ by using 𝑚 ∈ {2, 3, 4} modules (with ratios

{70%, 30%} for𝑚 = 2, {70%, 15%, 15%} for𝑚 = 3, and {70%, 10%, 10%,
10%} for 𝑚 = 4). Modular collaboration improves over FedPGP,

reaching up to 3.55% gain on CIFAR-10 and 3.84% on EMNIST. The

gains remain stable across different𝑚, indicating that FedPGP+ is

not sensitive to the exact partition granularity.

5 Related Work
Personalized Federated Learning. Federated learning enables

multiple clients to collaboratively train models without directly

sharing their local data [46]. In practice, federated systems exhibit

substantial heterogeneity across clients, arising from differences

in data distributions, local structures, and device capabilities, and

even locally maintained representation spaces [33, 40, 45, 49]. More-

over, different clients or data providers may contribute unequally to

collaborative learning, motivating efficient mechanisms for estimat-

ing their data utility [41]. Personalized Federated Learning (PFL)

mainly addresses statistical heterogeneity by adapting the learned

models to individual clients [17]. Existing PFL approaches follow

two main directions. (i) Model-based personalization decomposes

the model into shared and client-specific components, or designs

personalized architectures to capture individual data character-

istics [1, 6, 7, 19]. (ii) Similarity-based personalization aggregates
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knowledge selectively according to inter-client similarity. Similar

selective knowledge aggregation has also been explored in Fed-

Mosaic through query-adaptive adapter composition [21]. Among

them, clustering-based PFL partitions clients into disjoint groups

and shares models only within each cluster [8, 11, 14, 22, 36, 44].

Collaboration-based PFL (Co-PFL) learns a weighted graph that

enables fine-grained pairwise aggregation [4, 24, 26, 43, 47]. Our

work mainly focuses on the Co-PFL paradigm.

Collaboration-based Personalized Federated Learning. Com-

pared with the hard partitioning in clustering-based PFL, Co-PFL

advances personalization by enabling adaptive, pairwise knowledge

fusion through a collaboration graph. This approach offers superior

flexibility and facilitates more natural cross-client knowledge flow.

Current Co-PFL methods typically construct this graph based on

instantaneous client relationships, such as model parameter similar-

ity [4, 23, 26, 31, 35, 47] or data distribution complementarity [43].

While this yields finer-grained collaboration than static clustering,

it treats the graph structure as an unconstrained byproduct of each

round’s optimization. A key limitation of these approaches is the

lack of explicit control over the evolution of graph density, which

risks premature specialization and leads to suboptimal trade-offs

between early-stage knowledge sharing and later-stage refinement.

Our work addresses this by introducing progressive collaboration

pruning, a scheduling mechanism that explicitly drives the collabo-

ration graph from dense to sparse.

6 Conclusion
This paper revisits Co-PFL from a connectivity perspective and

argues that effective collaborative personalization requires not only

similarity-aware collaborator selection, but also explicit control of

how collaboration connectivity evolves over training. We proposed

FedPGP, a Co-PFL framework that schedules collaboration from

dense to sparse, allowing clients to first benefit from broadly shared

knowledge and then refine client-specific specialization. We further

develop FedPGP+, a module-specific extension that learns different

collaboration graphs across model modules, enabling collaboration

intensity to vary along model depth. Extensive experiments on di-

verse non-IID settings show that FedPGP and FedPGP+ consistently

outperform state-of-the-arts, and that the learned collaboration

graphs provide an interpretable dense-to-sparse schedule that bal-

ances knowledge propagation and personalization. These results

confirm explicit connectivity scheduling is essential for effective

Co-PFL. Future work includes extending progressive collaboration

scheduling to more heterogeneous model architectures, and explor-

ing adaptive pruning policies that couple connectivity control with

system constraints such as bandwidth and client availability.

Acknowledgments
This work was partially supported by National Natural Science

Foundation of China (NSFC) (Grant Nos. 62425202, 62336003), the

Beijing Natural Science Foundation (Z230001), the Fundamental

Research Funds for the Central Universities No.JKF-2026007844235,

and the State Key Laboratory of Complex & Critical Software Envi-

ronment (SKLCCSE). The work is supported in part by a Theme-

based Research Scheme (TRS) Project from the Research Grant

Council in Hong Kong, under project T43-101/26-N. Yongxin Tong

is the corresponding author.

A Appendix
A.1 Theoretical Analysis of ΔΦ Approximation
We provide a justification for the approximation used to estimate

the connectivity variation ΔΦ(𝒘) when removing an edge (𝑖, 𝑗)
from the collaboration graph. Let 𝐿𝒘 denote the graph Laplacian

associated with the symmetric adjacency matrix 𝒘 , and let 𝜆2 be

its algebraic connectivity with corresponding Fiedler vector 𝒖 with

∥𝒖∥2 = 1 and 𝒖⊤1 = 0.

Remark 1 (Approximation of Connectivity Change). Remov-
ing edge (𝑖, 𝑗) with weight𝑤𝑖 𝑗 introduces a rank-one perturbation to
the Laplacian:

Δ𝐿 = −𝑤𝑖 𝑗 (e𝑖 − e𝑗 ) (e𝑖 − e𝑗 )⊤, (14)

where e𝑖 is the 𝑖-th standard basis vector. According to first-order
eigenvalue perturbation theory for symmetric matrices, the resulting
change in 𝜆2 is approximated by

Δ𝜆2 ≈ 𝒖⊤ (Δ𝐿) 𝒖 = −𝑤𝑖 𝑗 (𝑢𝑖 − 𝑢 𝑗 )2 . (15)

Since the regularization term Φ(𝒘) is defined to penalize reductions
in connectivity, its variation obeys

ΔΦ(𝒘) ≈ −Δ𝜆2 ≈ 𝑤𝑖 𝑗 (𝑢𝑖 − 𝑢 𝑗 )2, (16)

which provides an efficient surrogate for evaluating the structural
importance of edge (𝑖, 𝑗).

This approximation shows edges between clients with distinct
Fiedler vector values dominate global connectivity, while nearby
clients exert trivial impact. Incorporating this surrogate into pruning
criteria eliminates repeated eigenvalue decompositions.

A.2 Theoretical Convergence Analysis
We denote the global objective function is defined as

𝐹 (𝜽 (𝒕 ) ) =∑𝑛
𝑖=1 𝑝𝑖 𝐹𝑖 (𝜃

(𝑡 )
𝑖
), (17)

where 𝑝𝑖 is proportional to |𝐷𝑖 | with
∑𝑛

𝑖=1 𝑝𝑖 = 1, and 𝐹𝑖 (·) is the
local empirical risk on client 𝑖’s private dataset 𝐷𝑖 . For notational

simplicity, we define 𝜃
(𝑡 )
𝑖
≡ 𝜃 (𝑡,0)

𝑖
.

We then adopt four conventional assumptions from the FL theo-

retical literature [38].

Assumption A.1 (Smoothness).Each local loss function 𝐹𝑖 (·) is
𝐿-smooth, i.e., for any 𝜃, 𝜃 ′, there is ∥∇𝐹𝑖 (𝜃 )−∇𝐹𝑖 (𝜃 ′)∥ ≤ 𝐿∥𝜃 −𝜃 ′∥.
Assumption A.2 (Bounded Below). 𝐹𝑖 (·) is bounded below by

𝐹inf, i.e., 𝐹𝑖 (𝜃 ) ≥ 𝐹inf for all 𝜃 .

Assumption A.3 (Unbiased Gradient and Bounded Variance).
For each client 𝑖 , the stochastic gradient 𝑔𝑖 (𝜃 |𝜉) is an unbiased

estimate of ∇𝐹𝑖 (𝜃 ) with bounded variance: E𝜉 [𝑔𝑖 (𝜃 |𝜉)] = ∇𝐹𝑖 (𝜃 )
and E𝜉 [∥𝑔𝑖 (𝜃 |𝜉) − ∇𝐹𝑖 (𝜃 )∥2] ≤ 𝜎2

.

Assumption A.4 (Collaboration-Induced Gradient Dissimi-
larity). There exist constants 𝛽2 ≥ 1 and 𝜅2 ≥ 0 such that for any

round 𝑡 and collaboration weights {𝑤𝑖 𝑗 }:∑𝑛
𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑤
(𝑡 )
𝑖 𝑗
∥∇𝐹𝑖 (𝜃 (𝑡 )𝑖

) − ∇𝐹 𝑗 (𝜃 (𝑡 )𝑗
)∥2

≤ 𝛽2
∑𝑛

𝑖=1 ∥∇𝐹𝑖 (𝜃
(𝑡 )
𝑖
)∥2 + 𝜅2 .
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Theorem A.5 (Optimization Bound of the Global Objective.
Under Assumptions A.1–A.4, if the local learning rate 𝜂 satisfies

𝜂𝐿 ≤ min{ 1

2𝜏
, 1√

2𝜏 (𝜏−1) (2𝛽2+1)
}, then after𝑇 communication rounds,

the expected average squared gradient norm of the aggregated per-

sonalized models is bounded by:

min𝑡 ∈[𝑇 ]
∑𝑛

𝑖=1 𝑝𝑖E[∥∇𝐹𝑖 (𝜃
(𝑡 )
𝑖
)∥2]

≤ 4[𝐹 (𝜽 (0) )−𝐹
inf
]

𝜏𝜂𝑇
+ 8𝐿𝜂𝜎2

𝑇

∑𝑇−1
𝑡=0

∑𝑛
𝑖=1 𝑝𝑖

∑
𝑗∈C (𝑡 )

𝑖

(𝑤 (𝑡 )
𝑖 𝑗
)2

+ 6(𝜏−1)𝜂2𝐿2𝜎2

𝜏
+ 12𝜏 (𝜏 − 1)𝜂2𝐿2𝜅2 . (18)

Proof. We denote the mini-batch gradient by 𝑔𝑘 (𝜃 |𝜉), and the

full-batch gradient by ∇𝐹𝑖 (𝜃 ). We further define the averaged mini-

batch gradient for client 𝑖 in round 𝑡 as 𝒅 (𝒕 )
𝒊 = 1

𝜏

∑𝜏−1
𝑟=0 𝑔𝑖 (𝜃

(𝑡,𝑟 )
𝑖
),

and the averaged full-batch gradient as 𝒉(𝒕 )
𝒊 = 1

𝜏

∑𝜏−1
𝑟=0 ∇𝐹𝑖 (𝜃

(𝑡,𝑟 )
𝑖
).

The complete update from 𝜃
(𝑡,0)
𝑖

to 𝜃
(𝑡+1,0)
𝑖

can be expressed as:

𝜃
(𝑡+1)
𝑖

− 𝜃 (𝑡 )
𝑖

=
∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝜃
(𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
− 𝜏𝜂∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝒅 (𝑡 )
𝑗
. (19)

Main Proof. Using the 𝐿-smoothness of 𝐹 , we have

𝐹𝑖 (𝜃 (𝑡+1)𝑖
) − 𝐹𝑖 (𝜃 (𝑡 )𝑖

)

≤ ⟨∇𝐹𝑖 (𝜃 (𝑡 )𝑖
),∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝜃
(𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
⟩ (20)

− 𝜏𝜂⟨∇𝐹𝑖 (𝜃 (𝑡 )𝑖
),∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝒅 (𝑡 )
𝑗
⟩

+ 𝐿
2
∥∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝜃
(𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
− 𝜏𝜂∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝒅 (𝑡 )
𝑗
∥2 . (21)

Taking expectation and summing over all clients:∑𝑛
𝑖=1 𝑝𝑖E[𝐹𝑖 (𝜃

(𝑡+1)
𝑖
) − 𝐹𝑖 (𝜃 (𝑡 )𝑖

)]

≤ ∑𝑛
𝑖=1 𝑝𝑖E[⟨∇𝐹𝑖 (𝜃

(𝑡 )
𝑖
),∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝜃
(𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
⟩]︸                                                        ︷︷                                                        ︸

𝑇1

(22)

+ −𝜏𝜂∑𝑛
𝑖=1 𝑝𝑖E[⟨∇𝐹𝑖 (𝜃

(𝑡 )
𝑖
),∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝒅 (𝑡 )
𝑗
⟩]︸                                                     ︷︷                                                     ︸

𝑇2

+ 𝐿
2

∑𝑛
𝑖=1 𝑝𝑖E[∥

∑
𝑗∈C (𝑡 )

𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝜃
(𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
− 𝜏𝜂∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

𝒅 (𝑡 )
𝑗
∥2]︸                                                                              ︷︷                                                                              ︸

𝑇3

.

(23)

Bounding𝑇1 in Eq. (23):Applying the polarization identity 2⟨𝑎, 𝑏⟩ =
∥𝑎∥2 + ∥𝑏∥2 − ∥𝑎 − 𝑏∥2:

𝑇1 ≤ 1

2

∑𝑛
𝑖=1 𝑝𝑖E[∥∇𝐹𝑖 (𝜃

(𝑡 )
𝑖
)∥2] (24)

+ 1

2

∑𝑛
𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

E[∥𝜃 (𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
∥2] . (25)

Bounding 𝑇2 in Eq. (23): Using the unbiasedness of stochastic

gradients and the polarization identity, we have:

𝑇2 = − 𝜏𝜂

2

∑𝑛
𝑖=1 𝑝𝑖E[∥∇𝐹𝑖 (𝜃

(𝑡 )
𝑖
)∥2] (26)

− 𝜏𝜂

2

∑𝑛
𝑗=1 E[∥𝒉

(𝑡 )
𝑗
∥2]∑

𝑖 :𝑗∈C (𝑡 )
𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

+ 𝜏𝜂

2

∑𝑛
𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

E[∥∇𝐹𝑖 (𝜃 (𝑡 )𝑖
) − 𝒉(𝑡 )

𝑗
∥2] . (27)

Bounding 𝑇3 in Eq. (23): Applying Jensen’s inequality and As-

sumption A.3 gives:

𝑇3 ≤ 𝐿
∑𝑛

𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

E[∥𝜃 (𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
∥2] (28)

+ 2𝐿𝜏𝜂2𝜎2
∑𝑛

𝑖=1 𝑝𝑖
∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

2

+ 2𝐿𝜏2𝜂2 ∑𝑛
𝑗=1 E[∥𝒉

(𝑡 )
𝑗
∥2]∑

𝑖:𝑗∈C (𝑡 )
𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

. (29)

Combining the bounds.We make the following simplification:

Since the collaboration graph is typically symmetric or approx-

imately symmetric, we assume

∑
𝑖:𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗
≈ 𝑝 𝑗 . This is a

reasonable assumption in federated learning where collaboration

is mutual. Under this assumption, we have:∑𝑛
𝑖=1 𝑝𝑖E[𝐹𝑖 (𝜃

(𝑡+1)
𝑖
) − 𝐹𝑖 (𝜃 (𝑡 )𝑖

)]

≤ ( 1
2
− 𝜏𝜂

2
)∑𝑛

𝑖=1 𝑝𝑖E[∥∇𝐹𝑖 (𝜃
(𝑡 )
𝑖
)∥2] (30)

+ ( 1
2
+ 𝐿)∑𝑛

𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

E[∥𝜃 (𝑡 )
𝑗
− 𝜃 (𝑡 )

𝑖
∥2]

− 𝜏𝜂

2
(1 − 4𝐿𝜏𝜂)∑𝑛

𝑗=1 𝑝 𝑗E[∥𝒉(𝑡 )𝑗 ∥2] (31)

+ 2𝐿𝜏𝜂2𝜎2
∑𝑛

𝑖=1 𝑝𝑖
∑

𝑗∈C (𝑡 )
𝑖

𝑤
(𝑡 )
𝑖 𝑗

2

+ 𝜏𝜂

2

∑𝑛
𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

E[∥∇𝐹𝑖 (𝜃 (𝑡 )𝑖
) − 𝒉(𝑡 )

𝑗
∥2]︸                        ︷︷                        ︸

𝑇4

. (32)

Bounding the gradient difference term. We now focus on 𝑇4.

By the triangle inequality, we have:

𝜏𝜂

2

∑𝑛
𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

E[∥∇𝐹𝑖 (𝜃 (𝑡 )𝑖
) − 𝒉(𝑡 )

𝑗
∥2]

≤ 𝜏𝜂∑𝑛
𝑖=1

∑
𝑗∈C (𝑡 )

𝑖

𝑝𝑖𝑤
(𝑡 )
𝑖 𝑗

E[∥∇𝐹𝑖 (𝜃 (𝑡 )𝑖
) − ∇𝐹 𝑗 (𝜃 (𝑡 )𝑗

)∥2] (33)

+ 𝜏𝜂∑𝑛
𝑗=1 𝑝 𝑗E[∥∇𝐹 𝑗 (𝜃 (𝑡 )𝑗

) − 𝒉(𝑡 )
𝑗
∥2] . (34)

Following the standard local-SGD drift argument and using As-

sumptions A.1 and A.3, we obtain:

E[∥∇𝐹 𝑗 (𝜃 (𝑡 )𝑗
) − 𝒉(𝑡 )

𝑗
∥2] ≤ 𝐿2𝜏𝜂2𝜎2

1−2𝐿2𝜏2𝜂2 +
2𝐿2𝜏2𝜂2

1−2𝐿2𝜏2𝜂2 E[∥∇𝐹 𝑗 (𝜃
(𝑡 )
𝑗
)∥2] .
(35)

Final combination. Substituting AssumptionA.4 and (35) into (32),

and using the learning rate condition to ensure 1 − 4𝐿𝜏𝜂 ≥ 1

2
and

2𝐿2𝜏2𝜂2

1−2𝐿2𝜏2𝜂2 ≤
1

2𝛽2
, after detailed algebraic manipulation we obtain:∑𝑛

𝑖=1 𝑝𝑖E[𝐹𝑖 (𝜃
(𝑡+1)
𝑖
) − 𝐹𝑖 (𝜃 (𝑡 )𝑖

)]

≤ − 𝜏𝜂

4

∑𝑛
𝑖=1 𝑝𝑖E[∥∇𝐹𝑖 (𝜃

(𝑡 )
𝑖
)∥2] + 2𝐿𝜏𝜂2𝜎2

∑𝑛
𝑖=1 𝑝𝑖

∑
𝑗∈C (𝑡 )

𝑖

𝑤
(𝑡 )
𝑖 𝑗

2

(36)

+ 3

2
(𝜏 − 1)𝜂3𝐿2𝜎2 + 3𝜏 (𝜏 − 1)𝜂3𝐿2𝜅2 . (37)

Summing over 𝑡 = 0, . . . ,𝑇 − 1, applying Assumption A.2, and

using min𝑡 𝑎𝑡 ≤ 1

𝑇

∑
𝑡 𝑎𝑡 yields the result in Theorem A.5.

□

Corollary A.6 (Convergence of the Global Objective). By set-

ting 𝜂 = 1√
𝜏𝑇

, the bound in Eq. (18), we obtain

min𝑡 ∈[𝑇 ]
∑𝑛

𝑖=1 𝑝𝑖E[∥∇𝐹𝑖 (𝜃
(𝑡 )
𝑖
)∥2] = O( 1√

𝜏𝑇
) + O( 1

𝑇 3/2 ) + O( 𝜏𝑇 ).

As 𝑇 →∞, the bound tends to zero, confirming convergence of

the aggregated personalized models to stationary points.
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