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Abstract— Federated learning (FL) has emerged as a promi-
nent distributed learning paradigm to utilize datasets across
multiple data providers. In FL, cross-silo data providers often
hesitate to share their high-quality dataset unless their data value
can be fairly assessed. Shapley value (SV) has been advocated
as the standard metric for data valuation in FL due to its
desirable properties. However, the computational overhead of SV
is prohibitive in practice, as it inherently requires training and
evaluating an FL model across an exponential number of dataset
combinations. Furthermore, existing solutions fail to achieve high
accuracy and efficiency, making practical use of SV still out of
reach, because they ignore choosing suitable computation scheme
for approximation framework and overlook the property of utility
function in FL. We first propose a unified stratified-sampling
framework for two widely-used schemes. Then, we analyze and
choose the more promising scheme under the FL linear regression
assumption. After that, we identify a phenomenon termed key
combinations, where only limited dataset combinations have a
high-impact on final data value. Building on these insights,
we propose a practical approximation algorithm, IPSS, which
strategically selects high-impact dataset combinations rather than
evaluating all possible combinations, thus substantially reducing
time cost with minor approximation error. Furthermore, we
conduct extensive evaluations on the FL benchmark datasets to
demonstrate that our proposed algorithm outperforms a series of
representative baselines in terms of efficiency and effectiveness.

I. INTRODUCTION

In recent years, federated learning (FL) has gained increas-
ing attention in both academia and industry, as it provides
a novel solution to utilize datasets across multiple data-rich
entities without directly accessing raw data [1]–[5]. In FL,
cross-silo data providers may be reluctant to share high-
quality datasets unless the value of their datasets are fairly
measured, ensuring they receive appropriate compensation
[6]–[8]. Therefore, data valuation is a fundamental problem
in FL, as it is the prerequisite for motivating multiple data
providers to contribute, thereby serving as a crucial component
for the sustainability of the FL ecosystem.

The Shapley value (SV), a classical concept for measuring
the player’s contribution in cooperation, has been consid-
ered as the standard data valuation metric for FL in prior
work [6]–[13], as it uniquely satisfies several basic fairness
properties [14] (e.g., no-free-riders, symmetric fairness and
linear additivity). However, the SV-based data valuation is
widely-acknowledged computationally prohibitive due to its
intrinsic combinatorial nature [15], [16], i.e., we have to train

Fig. 1: (a):Three hospitals collaborate to train the FL model and aim
to identify each hospital’s data value. The SV-based data valuation
requires training and evaluating FL models across all possible hospital
combinations (①∼⑦), i.e., it needs to tackle seven FL processes.
As client number increases, the number of required combinations
grows exponentially. (b):Evaluations on the FL benchmark dataset
FEMNIST with ten FL clients indicate that the existing solutions fail
to achieve both high effectiveness and efficiency simultaneously.

and evaluate FL models across an exponential number of
combinations of datasets, as the toy example in Fig. 1(a).

The SV-based data valuation has attracted extensive research
interest from both the database and the data mining com-
munities, where researchers prioritize efficiency as a central
issue and devise a line of approximation algorithms [6]–[12].
Existing solutions can primarily be divided into two categories.
(i) The first category is the gradient-based approximation [6],
[9], [12], which utilizes gradients in the training process to
construct the FL models, that are required to be evaluated
in data valuation, thereby avoiding extra FL training pro-
cesses. Though these solutions provide notable computational
efficiency, their lack of accuracy guarantees diminishes their
practicality (as in Fig. 1(b)). (ii) The second category is the
sampling-based approximation [17]–[19], which only trains
and evaluates FL models under a few number of dataset combi-
nations chosen from all possible combinations to estimate the
data value. Recently, more studies [15]–[19] have advocated
for sampling-based approaches as they provide a flexible trade-
off between accuracy and efficiency. However, prior sampling-
based approximations still fail to achieve both high efficiency
and accuracy simultaneously in FL, as shown in Fig. 1(b),
primarily due to the following two limitations.

- Limitation 1: Ignoring selecting the suitable computation
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scheme of Shapley value. There are two commonly used
equivalent expressions of the Shapley value, including the
marginal-contribution-based (MC-SV) and the complementary-
contribution-based (CC-SV), each provides a computation
scheme by its definition. Choosing a more suitable scheme for
the approximation framework is often overlooked. As shown
in Sec. III-B, taking the MC-SV for our sampling framework
can yield a lower variance in the approximation.

- Limitation 2: Ignoring utilizing intrinsic properties of
utility function in federated learning. In SV-based data valua-
tion within FL, we usually set the utility function to model
accuracy, which is different from that in traditional game
theory. For example, the utility function in weighted majority
game exhibits a binary jump, making it #P-hard [20] in this
scenario. In contrast, the utility in FL (e.g., model accuracy)
typically exhibits a monotonic property as more clients join,
providing it with unique features for data valuation.

To address these limitations, we propose an efficient and ef-
fective sampling-based approximation algorithm, Importance-
Pruned Stratified Sampling (IPSS). Specifically, we first pro-
pose a unified stratified sampling framework, which can seam-
lessly integrate both the MC-SV-based and the CC-SV-based
computation schemes. Then, we compare two computation
schemes consistently in this framework under the assumption
of FL linear regression model and then choose the MC-SV
for further investigation. We also identify a phenomenon in
data valuation for FL through observations and empirical
studies on utility function, referred to as key combinations,
which shows that different dataset combinations in FL have
varying impacts on the final data value. Finally, we propose
an approximation algorithm, IPSS, which prunes data combi-
nations with minimal impacts from all possible combinations,
significantly reducing time costs while maintaining accuracy.
Main contributions of this work are summarized as follows.

• We propose a unified stratified sampling based framework
that can integrate with both the MC-SV-based and the CC-
SV-based computation schemes and then compare them
to select the most promising one for further study.

• We identify a phenomenon called key combinations, i.e.,
data valuation in FL can be approximated accurately
by utilizing only a small group of dataset combinations
instead of all possible exponential combinations.

• We devise an efficient and effective algorithm, IPSS,
tailored for the MC-SV-based data valuation in FL and
then analyze its approximation error and time complexity.

• We conduct extensive experiments and compare our
proposed IPSS algorithm with a series of baselines to
validate its superiority in time cost and approximation
error on both synthetic and benchmark datasets in FL.

In the rest of this paper, we first introduce the basic concepts
of the data valuation in FL in Sec. II. Then, we propose a
sampling-based framework and compare computation schemes
in Sec. III. In Sec. IV, we identify the key combinations
phenomenon and introduce the proposed IPSS algorithm.
Finally, we present experimental evaluations in Sec. V, review

the related work in Sec. VI, and conclude this work in Sec. VII.

II. PROBLEM STATEMENT

In this section, we first present basic concepts of the
federated learning (FL) and the data valuation problem in the
context of FL. Then, we introduce two equivalent computation
schemes for the Shapley value (SV) based data valuation.

A. Preliminary and Problem Definition

Definition 1 (Federated learning, FL). FL is a distributed
learning paradigm that enables multiple data providers to
utilize massive training data for the data-driven tasks without
directly accessing raw data. [1]–[4]. In FL, there are n data
owners (a.k.a. FL clients), each with a dataset Di, and a
coordinator (a.k.a. FL server) and they aim to jointly train
a learning model MN (A) across datasets from all clients
through a FL algorithm A, where N = {1, . . . , n}.

We take the most widely-used FL algorithm, FedAvg [5],
as an example to illustrate the main process of FL. A FL
algorithm A operates iteratively at the FL server and clients
as follows. (i) Acts at server: In the first iteration, the FL
server initializes and distributes the global model to all clients.
Otherwise, the FL server obtains a new global model by
aggregating all local models in previous iteration from the
clients. (ii) Acts at clients: Take the client i as an example.
The client i trains the received model on its local dataset Di

and then uploads an updated local model to the FL server.
The FL algorithm executes above two steps alternately until
the required converge criterion or training round is reached.

Definition 2 (Data valuation for FL). Given n datasets
DN = {D1, . . . ,Dn} and a FL algorithm A, the federation
trains model MS(A) (or simply MS) under a subset of clients
S ⊆ N and evaluates its utility as U(MS) on the test dataset
T , where utility function U(·) is defined as model performance
(e.g., accuracy). Then, data valuation problem aims to quantify
contribution of each dataset Di as ϕ(A,DN , T ,Di) (ϕi for
short), satisfying the following three basic properties,

• (i) null-player (or no-free-riders): If a dataset Dj is
irrelevant to FL model MS(A) on test dataset T for any
dataset combination DS , ϕj should be zero. Formally,

∀S ⊆ N,U(MS) = U(MS∪{j}) ⇒ ϕj = 0, (1)

• (ii) symmetric-fairness: If two datasets Di and Dj have
the same effect on FL model MS(A) on the test dataset T ,
their value in FL should be the same as well. Formally,

∀S ⊆ N\{i, j}, U(MS∪{i}) = U(MS∪{j}) ⇒ ϕi = ϕj , (2)

• (iii) linear-additivity: The data value for FL is linear with
respect to two disjoint test dataset T1 and T2. Formally,

T1 ∩ T2 = ∅ ⇒ ∀i ∈ N,ϕi(T1 ∪ T2) = ϕi(T1) + ϕi(T2), (3)

where ϕi(T1), ϕi(T2) and ϕi(T1 ∪ T2) are assigned value to
the dataset Di using same datasets DN and algorithm A.

Remarks. Above three properties are all essential in FL.
Firstly, the null player is instrumental in identifying free riders
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who do not contribute to the FL model. The symmetric fairness
provides a fundamental fairness in FL, i.e., if two datasets are
interchangeable, they should have the same data value. Finally,
the linear additivity ensures that introducing new test data does
not alter existing data value, i.e., original data value remains
reusable, simplifying the integration of new test data.

B. The Shapley Value based Data Valuation Schemes

If we consider each FL client as a player and model
performance as utility function in a collaborative game, then
the Shapley value (SV), a classical concept to fairly measure
the player’s contribution, naturally inherits its properties and
ensures three desirable properties in Def. 2 [6]. Therefore, the
Shapley value (SV) has been widely adopted as a standard
data valuation metric in FL [6]–[9], [11]–[13], [15]–[18].
Furthermore, there are two commonly used equivalent SV
expression, the marginal contribution based (MC-SV) and the
complementary contribution based (CC-SV). Each provides a
computation scheme for data valuation by its definition.

Definition 3 (MC-SV based computation scheme). Given n
datasets DN = {D1, . . . ,Dn}, a learning algorithm A, test
dataset T and the utility function U(·) in FL, MC-SV computes
the data value for each dataset ϕ(A, T ,DN ,Di) as follows,

ϕ(A,DN , T ,Di) =
∑

S⊆N\{i}

U(MS∪{i})− U(MS)

n ·
(n−1

|S|
) , (4)

where MS denotes the FL model trained on dataset com-
bination ∪i∈SDi and |S| represents the number of datasets
involved in S. The term

(
n−1
|S|

)
= (n−1)!

|S|!(n−1−|S|)! is the combi-
natorial number. This computation scheme is referred to as the
marginal contribution based SV (MC-SV for short), because it
is based on the marginal contribution of each FL client i.

Definition 4 (CC-SV based computation scheme). Given
datasets DN , learning algorithm A, test datasets T and the
utility function U(·) in FL, CC-SV computes the dataset Di’s
data value ϕ(A, T ,DN ,Di) in FL as follows,

ϕ(A, T ,DN ,Di) =
∑

S⊆N\{i}

U(MS∪{i})− U(MN\(S∪{i}))

n ·
(n−1

|S|
) , (5)

where U(MS∪{i})− U(MN\(S∪{i})) is called the complementary
contribution [19] of clients S ∪ {i} and we use CC-SV as the
abbreviation for this computation scheme of Shapley value.

Table II summarizes the major symbols throughout this work.

TABLE I: SV-based data valuation for FL with three clients.

S ∅ {1} {2} {3} {1, 2} {1, 3} {2, 3} {1, 2, 3}

U(MS) 0.10 0.50 0.70 0.60 0.80 0.90 0.90 0.96

Example 1. Considering a FL scenario with three clients
N = {1, 2, 3}. The utilities of FL models for each possible client
combination are detailed in Table I. We take FL client 1 as an
example whose data value is denoted as ϕ1. In this example,
we employ the MC-SV-based computation scheme. The data
value ϕ1 is determined by averaging the marginal contribution
of FL client 1 when added to all combinations without it.

TABLE II: Summary of the major symbol notions.

Notations Descriptions
N,S the set of all FL clients and a subset of all clients
ϕi, ϕ̂i FL client i’s data value and its approximated value
DS ,Di datasets of client combination S and of FL client i
A, T the training algorithm and the test dataset in FL
MS FL model trained over datasets held by clients S
U(·) the utility function in SV-based data valuation

MC-SV the SV scheme based on marginal contribution
CC-SV the SV scheme based on complementary contribution
Sk dataset combinations with datasets of k clients
|S| the number of FL clients involved in combination S
γ total sampling rounds in approximation algorithm
τ the time cost for training and testing a FL model

• For the empty combination ∅, the marginal contribution
of adding the FL client 1 is U({1})− U(∅) = 0.40.

• For combinations including one other FL client, the
marginal contributions of adding the client 1 are
U({1, 2})− U({2}) = 0.10 and U({1, 3})− U({3}) = 0.30.

• For the combination with other two FL clients, the
marginal contribution is U({1, 2, 3})− U({2, 3}) = 0.06.

Finally, these contributions are averaged to compute ϕ1

as (0.40/1 + (0.10 + 0.30)/2 + 0.06/1)/3 = 0.22. Similarly, data
value of clients 2 and 3 are ϕ2 ≈ 0.32 and ϕ3 = 0.32.

C. Approximations for SV-based Data Valuation in FL

Though Shapley value has been widely adopted as a stan-
dard metric [6]–[13], it is acknowledged that the high com-
putational overhead of Shapley value prohibits its practical
use, as it requires evaluating for all possible dataset com-
binations. Specifically, using both MC-SV and CC-SV based
schemes needs to train and assess O(2n) FL models, which is
infeasible in practice. Thus, it is imperative to devise practical
approximation methods for the SV-based data valuation in FL
that meet the following two critical two requirements.

• R1: It is necessary to efficiently estimate SV-based data
value for FL dataset. In commercial applications, FL
clients may often prioritize their computational resources
for model training and deployment. Excessive time cost
spent on data valuation in FL should be avoided to ensure
the economic interests in real-world scenarios.

• R2: It is crucial to approximate SV-based data value
for FL clients with tolerable errors. The Shapley value
is favored for its desirable fairness properties (e.g., no
free riders and symmetric fairness). However, substantial
approximation errors can undermine these fairness prop-
erties, jeopardizing its applicability for data providers.

Roadmap for Approximations. To address the two require-
ments (efficiency and effectiveness), existing literature [6]–
[12] primarily explore two types of approximation methods:
gradient-based approximation and sampling-based approxi-
mation. (i) The gradient-based approaches [6], [9], [12] utilize
the gradients during the FL training process to construct
the FL models under various dataset combinations, which
avoids training FL models from scratch, thereby reducing
the computational time significantly. However, these gradient-
based methods usually lack theoretical underpinnings, which
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can result in higher approximation errors. (ii) The sampling-
based solutions [11], [17], [21] strategically select subsets
from entire potential combinations, providing a flexible trade-
off between accuracy and efficiency, making it more suited to
meet the efficiency and effectiveness requirements. Therefore,
this paper advocates for the sampling-based approximations
and we propose a novel sampling-based approach for practical
SV-based data valuation in FL, which is detailed in the
following sections (in Sec. III and Sec. IV).

III. STRATIFIED SAMPLING BASED FRAMEWORK

In this section, we first introduce a unified stratified sam-
pling framework that integrates both computation schemes
outlined in Sec. II-B. Then, we analyze and choose the MC-
SV-based computation scheme as the more appropriate choice
for the proposed stratified sampling-based framework.

A. The Unified Sampling Framework for SV-based Schemes

By definition, both the MC-SV and CC-SV possess an
inherent hierarchical structure based on the size of dataset
combinations (as shown in Fig. 2), where each FL client’s data
value is calculated by the average marginal (or complemen-
tary) contributions across combinations of various sizes. Thus,
it is natural to treat dataset combinations of the same size as
strata and employ the stratified sampling for approximation.
To this end, we devise a unified stratified sampling framework
to support both MC-SV-based and CC-SV-based computation
schemes, which is illustrated in Alg. 1. Then we can compare
these two schemes in a consistent framework.

Main Idea. Let Sk denotes all dataset combinations with
datasets from k clients and we can use the Monte Carlo method
to approximate a stratified-SV ϕ̂i,k for dataset combination Sk
with k datasets (i.e., each stratum) and the estimated SV ϕ̂i is
the average across all strata. Specifically, Alg. 1 takes as input
sampling rounds mk for the kth stratification (γ =

∑n
k=1 mk),

along with n datasets D1, . . . ,Dn and a utility function to
measure the performance of trained FL model. In lines 1-8,
the framework first randomly samples dataset combinations
used for each FL client and tests the utility of FL models for
each stratum. Then, the framework calculates the stratified-SV
for each combination size and it can be easily integrated with
both the MC-SV-based and the CC-SV-based data valuation
computation schemes. For MC-SV, two combinations S and
S are paired when S = S\{i}, whereas in CC-SV, S are
paired with S = N\S. Finally, the framework approximates
and returns the SV by averaging marginal (or complementary)
contributions within each stratum.

Example 2. We illustrate the stratified sampling framework by
the example in Fig. 2. We set the total sampling round γ = 10

and sampled dataset combinations are marked in light blue.
Case 1 (using MC-SV): Set the adopted computation scheme
in Alg. 1 to MC-SV, we calculate the average marginal
contribution for each stratum in this case. We take the FL
client 1’s data value as an instance which is 0.26 by its
definition. For dataset combination S1, we calculate marginal

Fig. 2: Example for the unified stratified sampling framework:
Both MC-SV and CC-SV rely on this hierarchical structure, which
is naturally suitable for stratified sampling. There are four FL clients
and model utility is below each dataset combination. For instance,
the utility of FL model under dataset combination {D1,D3} is 0.92.

Algorithm 1: Stratified Sampling Approximation
Input: The n data providers with datasets DN , a test

dataset T and a utility function U(·). Sampling
rounds for each stratum mk (γ =

∑
k mk).

Output: Data value of all datasets ϕ̂1, · · · , ϕ̂n.
1 for k ← 1 to n do
2 Initialize Sk as all combinations with k datasets;
3 Sk ← {Sk,1, . . . , Sk,mk

} w.r.t. Sk,· ∼ Sk;
4 Sk,i ← {S|S ∈ Sk and i ∈ S};
5 for S ∈ Sk do
6 Train and evaluate FL model MS and then we

can obtain the model’s utility U(MS) on T ;
7 end
8 end
9 for i← 1 to n do

10 for S ∈ Sk,i do
11 if the paired combination S is sampled then
12 mi,k ← mi,k + 1;
13 ϕ̂i,k ← ϕ̂i,k + U(MS)− U(MS);
14 end
15 end
16 end
17 ϕ̂i ← 1

n

∑n
k=1

ϕ̂i,k

mi,k
(where i = 1, 2, . . . , n);

18 return ϕ̂1, · · · , ϕ̂n

contribution of FL client 1 as ϕ̂1,1 = U(M{1})− U(M∅) = 0.78.
For combinations with two datasets S2, we can calculate
the average marginal contribution in this stratum as
ϕ̂1,2 = (U(M{1,2})− U(M{2}) + U(M{1,3})− U(M{3}))/2 = 0.085.
Similarly, for S3 and S4, we have ϕ̂1,3 = 0.07 and ϕ̂1,4 = 0.10.
Finally, the data value of FL client 1 can be approximated by
ϕ̂1 = (0.78 + 0.085 + 0.07 + 0.10)/4 ≈ 0.2588.
Case 2 (using CC-SV): We take the average complementary
contribution for each stratum in this case. For dataset combi-
nation with one dataset S1, the complementary contribution of
FL client 1 is ϕ̂1,1 = U(M{1})− U(M{2,3,4}) = 0.03. For dataset
combinations with two datasets S2, the complementary contri-
bution is calculated as ϕ̂1,2 = 0, since no paired combination
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N\S2 (S2 ∈ S2) is sampled. Similarly, we have ϕ̂1,3 = 0 and
ϕ̂1,4 = 0.85 for S3 and S4. Finally, the FL client 1’s data value
is approximated by ϕ̂1 = (0.03 + 0 + 0 + 0.85)/4 = 0.22.

B. Choosing Computation Scheme for Sampling Framework

As mentioned above, the Alg. 1 supports both the MC-SV-
based and the CC-SV-based computation schemes, allowing
us to analyze and compare them within a consistent sam-
pling based framework. Since MC-SV-based and CC-SV-based
schemes have the same time complexity of O(2nτ) based on
the definition, where τ denotes time cost of training and as-
sessing a FL model. We further compare their performance in
expectation and variance using a consistent sampling strategy.

Theorem 1. The Alg. 1 provides an unbiased estimation of
SV in expectation when using both the MC-SV or the CC-SV.

Proof. We first analyze the expectation of stratified-SV ϕ̂i,k,

E[
ϕ̂i,k

mi,k
] =

ES∼Sk,i
[ϕ̂i,k]

mi,k
=

ES∼Sk,i
[
∑mi,k

t=1 U(MS)− U(MS)]

mi,k

= ES∼Sk,i
[U(MS)− U(MS)] =

∑
S⊆N\{i}

U(MS∪{i})− U(M
S∪{i})(n−1

|S|
)

(6)
Then, the expectation of the SV based on Alg. 1 is,

E[ϕ̂i] = E[
1

n
·

n∑
k=1

ϕ̂i,k] =
1

n

∑
S⊆N\{i}

U(MS∪{i})− U(M
S∪{i})(n−1

|S|
)

(7)
Thus, by the definition of MC-SV and CC-SV, Eq. (7) equals
the FL client i’s data value ϕi, completing our proof.

Theorem 2. Assume that the data from all providers are all
drawn from the same distribution and let |Di| denote the size of
dataset held by the FL client i. Then for any sampling strategy
for CC-SV based scheme, using the MC-SV based scheme can
yield a lower variance in Alg. 1 in FL linear regression.

Proof. Based on the theoretical analysis in [22], the variance
of error in a linear regression model applied to a dataset D
with t training samples, can be described as follows,

Var[U(MD)] = Var[
t∑

j=1

ej ] =

t∑
j=1

Var[|f̂(xj)− yj |] = t2σ2 (8)

where ej = |f̂(xj) − yj | is the mean absolute error on each
training sample (xj , yj) and σ2 is the variance of intrinsic
random noise in the dataset. If we take negative mean average
error as utility and randomly sample a dataset combination S
from N\{i} to approximate MC-SV, its variance Var[ϕ̂MC

i ] is,

Var[ϕ̂MC
i ] = Var[

1

n

n∑
k=1

∑
S∼(N\{i})

U(MS∪{i})− U(MS)

mi,k
]

=
n∑

k=1

∑
S

Var[U(MS∪{i})− U(MS)]

n2 ·m2
i,k

=

n∑
k=1

∑
S

1

n2m2
i,k

· Var[−
∑

j∈DS∪{i}

ej +
∑

j∈DS

ej ]

=
n∑

k=1

∑
S

1

n2m2
i,k

· Var[
∑
j∈Di

ej ] =
n∑

k=1

∑
S

1

n2m2
i,k

|Di|2σ2

(9)

Similarly, the variance of the CC-SV can be calculated as,

Var[ϕ̂CC
i ] = Var[

1

n

n∑
k=1

∑
S∼(N\{i})

U(MS∪{i})− U(MN\(S∪{i}))

mi,k
]

=

n∑
k=1

∑
S

1

n2m2
i,k

· (Var[
∑

j∈DS∪{i}

ej ] + Var[
∑

j∈DN\(S∪{i})

ej ])

=

n∑
k=1

∑
S

1

n2m2
i,k

((|DS |+ |Di|)2 + (|DN | − |DS | − |Di|)2)σ2

(10)
If they take the same sampling strategy in approximation, we
can compare their variances by (10) - (9) as follows,

Var[ϕ̂CC
i ]− Var[ϕ̂MC

i ] ≥
n∑

k=1

∑
S

1

n2m2
i,k

|DS |2σ2 > 0 (11)

Therefore, the variance of MC-SV is lower than that of CC-SV
when using Alg. 1 and we finish the proof of Theorem 2.

Takeaways. Based on above theoretical analysis, we have
two main results: (i) when implemented within Alg. 1, MC-
SV-based and CC-SV-based computation schemes can both
provide unbiased estimations for data valuation. (ii) for each
stratified sampling strategy of CC-SV, there exists a corre-
sponding strategy of MC-SV that yields lower variance in the
context of FL linear model. It is important to note that Alg. 1
operates as a stratified sampling framework without imposing
specific assumptions on the number of sampling rounds mi for
each stratum. Thus, our analysis provides broadly applicable
evidence when comparing the two schemes and justifying our
choice of the MC-SV based computation scheme.

IV. IMPORTANCE-PRUNED STRATIFIED SAMPLING

In this section, we explore the MC-SV-scheme within our
stratified sampling framework to devise a practical approxima-
tion algorithm. Initially, we further observe the MC-SV-based
computation scheme and identify a phenomenon, called key
combinations, i.e., it is sufficient to focus on only a selected
subset of all 2n dataset combinations to approximate the SV
in FL. Armed with this knowledge, we can selectively prune
the less significant dataset combinations to optimize efficiency
and accuracy for the MC-SV-based data valuation in FL.

Fig. 3: Observations when using the MC-SV-based scheme.

A. Identifying the Key Combinations Phenomenon

Observations. It is essential to utilize the inherent properties
of the MC-SV for effective and efficient data valuation in
FL. To this end, we recall and examine the MC-SV-based
computation scheme as depicted in Fig. 3. This analysis reveals
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that different dataset combinations S have varying impacts on
the data value ϕi primarily in two aspects:

• (i) The marginal utility of FL model decreases with
the addition of more datasets. Once there are already
sufficient datasets for training in FL, adding a new dataset
can only improves limited utility, i.e., when DS are large,
the marginal utility U(MS∪{i})− U(MS) is usually small.

• (ii) For certain dataset combination S, if its size |S| is
close to (n− 1)/2, its impact on the final result tends to be
limited as well, because its coefficient 1/

(n−1
|S|

)
in MC-SV

is much smaller compared to others.
The above observations (i) and (ii) indicate that the impact
on the estimated MC-SV diminishes when the size of the
dataset subset |S| approaches or exceeds (n − 1)/2. This
leads us to conjecture that the contributions of datasets in
FL are predominantly influenced by a select few combinations
of datasets S ⊆ N , particularly those involving smaller FL
clients. To test and validate these observations, we further
develop a simple algorithm called K-Greedy (in Alg. 2),
which adopts the MC-SV-based scheme. Alg. 2 only focuses
on combinations with no more than K datasets, intentionally
disregarding impacts of combinations with more FL clients.
Empirical Setups. To validate our conjecture above, we em-
bark on an empirical investigation of the K-Greedy algorithm.
Our experiments take the FL benchmark dataset FEMNIST
[23] and employ the widely-used convolutional neural network
as the FL model. Without loss of generality, we partition the
FEMNIST dataset into 10 distinct data providers (i.e., FL
clients), each holds digits contributed by different writers.

Fig. 4: Results under combinations with size no more than K.

Key Combinations Phenomenon. The empirical results are
shown in Fig. 4. To quantify the approximation error, we adopt
the relative error metric, defined as ∥ϕ−ϕ̂∥2

∥ϕ∥2
, where ϕ represents

the data value calculated by MC-SV, and ϕ̂ denotes the
approximated data value in FL. The empirical results show that
for dataset combinations of size K ≤ 2, the relative error is
less than 1%, which suggests that using dataset combinations
involving no more than 2 FL clients allows for a highly
accurate approximation of the MC-SV. Besides, the relative
error decreases rapidly as K increases from 1 to 3 and the
rate of decrease becomes more gradual as K becomes larger,
which implies that dataset combinations with a larger number
of clients have less impact on the final MC-SV in FL, which
aligns with our conjecture. To summarize, we characterize
this observed phenomenon as the key combinations, where a

Algorithm 2: K-Greedy
Input: The n datasets DN , a test dataset T , a utility

function U(·) in FL, and a constant number K.
Output: The estimated data value ϕ̂1, . . . , ϕ̂n

1 // Evaluate the utility of combination of datasets.
2 for S ⊆ N and |S| ≤ K do
3 Train the model M and evaluate its utility U(MS);
4 end
5 // Approximate the MC-SV for each data providers.
6 for i ∈ N do
7 ϕ̂i ←

∑
S⊆(N\{i}),|S|<K

U(MS∪{i})−U(MS)

n·
(

n
|S|

) ;

8 end
9 return ϕ̂1, · · · , ϕ̂n

Algorithm 3: Importance-Pruned Stratified Sampling
Input: The n datasets {D1, · · · , Dn}, a test dataset T ,

a utility function U(·) and sampling rounds γ
Output: Data value for n datasets ϕ̂1, · · · , ϕ̂n

1 k∗ ← max{k ∈ N|
∑k

j=0

(
n
j

)
≤ γ};

2 for k ≤ k∗ do
3 Initialize Sk with all combinations with k datasets;
4 for S ∈ Sk do
5 Train and evaluate the FL model MS on

dataset combination DS and test dataset T ;
6 end
7 end
8 Sampling a set of dataset combinations P such that:
9 (1) |P| ≤ γ −

∑k∗

j=0

(
n
j

)
;

10 (2) ∀S ∈ P, |S| = k∗ + 1;
11 (3) ∀i, j ∈ N,Ci = Cj where Ck =

∑
S∈P I[k ∈ S] ;

12 for S ∈ P do
13 Train and evaluate the FL model MS on dataset

combination DS and test dataset T ;
14 end
15 for i← 1 to n do
16 ϕ̂i ← 1

n

∑
S⊆(N\{i}),|S|<k∗

U(MS∪{i})−U(MS)(
n−1
|S|

)
+ 1

n

∑
S⊆(N\{i}),(S∪{i})∈P

U(MS∪{i})−U(MS)(
n−1
|S|

) ;

17 end
18 return ϕ̂1, · · · , ϕ̂n

limited number of dataset combinations, typically involving a
few clients, play a pivotal role when we take the MC-SV-based
computation scheme for data valuation in FL.

B. Importance-Pruning for Acceleration

IPSS Algorithm. Building upon the above empirical evidence,
we further refine the proposed stratified sampling framework
as described in Sec. III. We introduce a novel approximation
algorithm, importance-pruned stratified sampling (IPSS ), tai-
lored for MC-SV-based data valuation in FL. Given the total
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sampling rounds γ, the IPSS prunes dataset combinations
involving a large number of FL clients, focusing only on
those combinations that have a high-impact on final results.
The IPSS is detailed in Alg. 3. Given n datasets of FL
clients, the utility function U(·) and the sampling rounds γ,
the algorithm is design to efficiently approximate contributions
of these datasets in FL. The IPSS algorithm operates in two
phases. (i) Initially, the algorithm evaluates the utility of FL
model trained on various dataset combinations. In lines 1-
7, the IPSS calculates the maximum size of used dataset
combinations k∗, and then we train and evaluate the FL
model on dataset combinations whose sizes do not exceed
k∗. In lines 8-11, for remaining sampling rounds, the IPSS
samples dataset combinations of size k∗ + 1 and ensures
equal sampling frequency for each dataset, thereby providing
a fair approximation error across FL clients. In lines 12-14,
we train and evaluate the utility of FL models under these
dataset combinations containing k∗+1 datasets. (ii) The Alg. 3
approximates data value based on MC-SV. In lines 15-17, the
algorithm takes the evaluated dataset combinations as proxies
for all combinations and estimates the data value by the MC-
SV-based computation scheme, reducing the computational
overhead. Finally, the IPSS returns data value for each dataset.

Fig. 5: Example of Alg. 3 with the same setup as Fig. 2

Example 3. As in Fig. 5, we further illustrate the Alg. 3
back to the settings in Example 2 with four FL clients and
sampling rounds γ = 10. We also take client 1 as the
representative. Initially, we computed the maximum size for
combinations which are fully evaluated in IPSS algorithm,

k∗ = max{k ∈ N|
k∑

j=0

(4
j

)
≤ 10} = 1. Then, we train and evalu-

ate FL models with combinations involving no more than
one client, i.e., M∅,M{D1},M{D2},M{D3},M{D4}. We can still

sample up to γ −
k∗∑
j=0

(4
j

)
= 5 dataset combinations. Satisfying

constrains (1)-(3) in Alg. 3, we further sample and evaluate
FL models under {D1,D2}, {D1,D3}, {D1,D4}, {D2,D4} and
{D3,D4}. We take the MC-SV to compute average marginal
utilities of FL client 1 using all assessed combinations. Finally,
we have ϕ̂1 = 0.22. Similarly, the estimated data value of FL
client 2, 3 and 4 are 0.20, 0.1842 and 0.1667, respectively.

C. Theoretical Analysis of the IPSS Algorithm

Theoretical Evidence. For simplicity, we continue to use the
FL linear regression model and theoretically analyze the ap-
proximation error and time complexity of the IPSS algorithm.

Lemma 1. Given n datasets each with t training samples,
if we take negative mean square error (MSE) as the utility
function, the estimated data value of client i is E[ϕ̂i] =

1
n (m0−

µe|x|
nt−|x|−1 ), where |x| is input feature dimensions, µe is expec-
tation of random noise and m0 is MSE of the initialized model.

Proof. In the proof we follow the analysis framework for FL
by Donahue and Kleinberg [24] where all |D| data items are
drawn from the standard Gaussian distribution N (0, I) and
the expected MSE of the linear regression model is as,

E[mse(|D|)] = µe|x|/(|D| − |x| − 1), (12)

where µe is the expectation of random noise over data, |x| is
the dimension of input features, and |D| is the size of used
data. Similarly, for a FL linear regression model with |DS | =
t|S| data items, its expected MSE can be writen as,

E[U(MS)] = E[mse(|DS |)] = µe|x|/(t|S| − |x| − 1), (13)

If we take the negative MSE as the utility function U(·) in
data valuation for FL, we can calculate the expectation of data
value using MC-SV and above analysis model [24] as below,

E[ϕ̂i] = E[
1

n

∑
S⊆(N\{i})

U(MS∪{i})− U(MS)(n−1
|S|

) ]

= E[
1

n

∑
S⊆(N\{i})

−mse((|S|+ 1)t) +mse(|S|t)(n−1
|S|

) ]

=
1

n

n−1∑
k=0

(−E[mse((k + 1)t)] + E[mse(kt)])

(14)

As mse(0) is not defined in [24], we let m0 denotes the MSE
of the initialized linear model. So the E[ϕ̂i] is ,

E[ϕ̂i] =
1

n
(m0 − E[mse(nt)]) =

1

n
(m0 −

µe · |x|
nt− |x| − 1

) (15)

Finally, we have the E[ϕ̂i] and then completed our proof.

Theorem 3. Given the sampling rounds γ and taking same
assumption as Lemma 1, the approximation error bound of
Alg. 3 is O(n−k∗

k∗nt ), where k∗ = argmax
k
{
∑k

i=0

(
n
j

)
≤ γ}.

Proof. Alg. 3 takes all dataset combinations with no more

than k∗ clients, where k∗ = argmax
k

{
k∑

i=0

(n
j

)
≤ γ}. Similar to

Lemma 1, we calculate FL client i’s expected contribution as,

E[ϕ̂k∗
i ] =

1

n

k∗−1∑
k=0

(−E[mse((k + 1)t)] + E[mse(kt)])

=
1

n
(m0 −

µe|x|
k∗t− |x| − 1

)

(16)

Together with Lemma 1, the ratio of E[ϕ̂k∗

i ] and E[ϕi] is,

E[ϕ̂k∗
i ]

E[ϕi]
=

1
n
(m0 − µe·|x|

k∗t−|x|−1
)

1
n
(m0 − µe·|x|

nt−|x|−1
)

= 1−
µe·|x|

k∗t−|x|−1
− µe·|x|

nt−|x|−1

m0 − µe·|x|
nt−|x|−1

(17)
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As a model trained by |x|+ 2 training samples can outperform
the initialized model, so the mse(|x|+ 2) is less than the MSE
of the initialized model m0. We have following inequations,

E[ϕ̂k∗
i ]

E[ϕi]
≥ 1−

1
k∗t−|x|−1

− 1
nt−|x|−1

1
|x|+2−|x|−1

− 1
nt−|x|−1

= 1 −
(n − k∗)t

(k∗t − |x| − 1)(nt − |x| − 2)

(18)
Note that the input feature dimension |x| is an constant number
and we can complete the proof of Theorem 3 as follows,

|E[ϕ̂k∗
i ]− E[ϕi]|
E[ϕi]

≤ (n − k∗)t

(k∗t − |x| − 1)(nt − |x| − 2)
= O

(
n− k∗

k∗nt

)
(19)

Approximation Error Analysis. Theorem 3 suggests that
even with a small k∗, the relative error between E[ϕk∗

i ] and
E[ϕi] can remain minimal, which is particularly relevant in
typical FL scenarios, where the number of training samples
in a dataset substantially exceeds the dimension of input
features. Take MNIST [25], a most widely used benchmark
dataset, as an example. It contains over 60,000 training images,
each represented by 784 dimensional features, implying that
|x| ≪ nt. If each client holds the same number of training
samples, the relative error of Alg. 3 is O( n

k∗D ). In this case,
accurately approximating the data value only need to evaluate
a select group of dataset combinations, consistent with the key
combinations phenomenon observed earlier in Sec. IV-A.
Time Complexity Analysis. The time cost of Alg. 3 mainly
relies on FL training and assessing processes on various
dataset combinations. Assuming time cost to train and evaluate
the FL model is denoted as τ . The time complexity of Alg. 3
can be analyzed as follows. For lines 1-14, the complexity is
O(τγ), as Alg. 3 utilizes no more than γ dataset combinations.
For lines 15-17, Alg. 3 computes marginal contributions upto∑k∗−1

j=0

(
n

j+1

)(
n
j

)
+
(
n
k∗

)
(γ−

∑k∗

j=0

(
n
j

)
) times, leading to a time

complexity of O(γ
(
n
k∗

)
). We usually only take a small group

of combinations in data valuation so k∗ is a small integer. As
time to train and evaluate a FL model τ is usually much larger
than

(
n
k∗

)
, the time complexity of the IPSS is O(τγ).

V. EXPERIMENTAL EVALUATIONS

This section presents evaluations of our proposed methods.

A. Experimental Setup

Datasets. We evaluate baseline algorithms for SV-based data
valuation in FL over both synthetic and real-world datasets.
(i) Synthetic Dataset. We take the MNIST [25], a widely-used
datasets with 60,000+ training samples and 10,000+ testing
samples to create the synthetic datasets in FL. Following the
experimental setup in [6], [12], we split the MNIST [25]
into partitions and create customized training dataset tailored
for FL, where datasets of each FL client varies in size,
distribution and quality (i.e., noise). We highlight experimental
features in each FL setting. (a) same-size-same-distribution:
we split training dataset into partitions with same size and
label distribution. (b) same-size-different-distribution: we par-
tition the training samples and set some label are majorly

belongs to certain client. (c) different-size-same-distribution:
we randomly split training samples into partitions with their
ratios of data size 1 : 2 : · · · : n, where n is the client number.
(d) same-size-noisy-label: we change 0% ∼ 20% of labels in
the partitioned dataset into one of other labels with equal
probability. (e) same-size-noisy-feature: we generate Gaussian
noiseN (0, 1) and scale them by multiplying 0.00 ∼ 0.20 as the
noise added on training samples.
(ii) Real-world Dataset. We also conduct experiments on three
real-world datasets, FEMNIST [23], Adult [26] and Sent-140
[23]. FEMNIST [23] is a benchmark dataset for FL and is in-
cluded within TensorFlow Federated [27]. It contains 805,000+
samples from 3,500+ users, allowing it to be partitioned into
datasets for clients in FL by the user-ids. The Adult [26]
is a tabular dataset commonly used in vertical FL [7], [28],
[29] and it contains 48,800+ training samples and 14 features
(e.g., income, occupation, and native-country). Without loss of
generality, we can partition the training samples in Adult to
several datasets for FL clients according to user’s occupation.

Compared Algorithms. We compare our IPSS algorithm
(in Sec. IV) with a series of existing baselines (in three
categories). The first category (Perm-Shapley, MC-Shapley
and DIG-FL ) calculates data value directly by definition, while
the second category (Exteneded-TMC, Extended GTB and
CC-Shapley) uses sampling-based methods. The last cate-
gory (OR, λ-MR, GTG-Shapley) approximates the data value
through gradients collected in FL training process.

• Perm-Shapley. It directly calculates data value of clients
in FL according to the definition of the Permutation-
based Shapley value (Perm-SV), which trains and eval-
uates FL models based on permutations of all datasets.

• MC-Shapley. Similarly, it directly calculates the data
value through the MC-SV based computation scheme.

• DIG-FL. It efficiently approximates the data value in
FL [7], which only needs to evaluate O(n) numbers of
dataset combinations under certain assumptions [7].

• Extended-TMC. It is an extension of widely-adopted
data valuation scheme for general machine learning [17].
We extend and compare the Truncated Monte Carlo
algorithm of [17] to FL scenario. It randomly generates
a permutation π of all n! permutations and trains and
evaluates the FL models based on the permutation. Then,
the algorithm approximates the Perm-SV according to,

ϕi = Eπ∼Π[U(Mπ[p(i)]∪{i})− U(Mπ[p(i)])]. (20)

• Extended-GTB. It is also an extension of a representative
data valuation scheme [18] and we extend the Group-
Testing-Based SV estimation to FL scenario as follows.
The GTB can estimate the contributions of each client in
FL by solving a feasibility problem through the randomly
selected subsets S ⊆ N . Finally, we incrementally relax
the constraints until there is a feasible solution.

• OR. It directly takes gradients within the FL process with
all clients the same as gradients under other combinations
[6]. OR can approximate the FL model by these gradients
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(a) same-size-same-distr. (b) same-size-diff.-distr. (c) diff.-size-same-distr. (d) same-size-noisy-label (e) same-size-noisy-feature

Fig. 6: Experimental results on the synthetic datasets with five different setups varying in size, distribution and quality.

without extra training, however, there is no theoretical
guarantee for OR in approximation errors.

• λ-MR. It takes the MC-SV -based scheme and estimates
data value in each training round of FL and aggregate
them as the final results [9]. The λ-MR avoids the
additional training of the FL models as well.

• CC-Shapley. It is one of the state-of-the-art sampling
methods to approximate the Shapley value [19], which
estimates data value using the CC-SV-based schemes.

• GTG-Shapley. Similar to λ-MR, it also approximates the
data value using gradients [12]. It adopts the Perm-SV
and uses Monte Carlo sampling approach to reduce the
number of model reconstructions over rounds.

Evaluation Metrics. We employ following two metrics to as-
sess the performance of compared algorithms. (i) Calculation
Time: it measures the running time required to calculate the
data value, including the time to train and evaluate FL models.
(ii) Approximation Error: it represents the effectiveness of
approximation algorithms by the relative error in l2-norm:

l2(ϕ̂, ϕ) = ∥ϕ̂− ϕ∥2/∥ϕ∥2 =

√√√√ n∑
i=1

(ϕi − ϕ̂i)2/

√√√√ n∑
i=1

ϕi
2 (21)

where ϕ = (ϕ1, ϕ2, . . . , ϕn) denotes the data value of n FL
clients and ϕ̂ = (ϕ̂1, ϕ̂2, . . . , ϕ̂n) is the approximation results.

Implementations. All algorithms were implemented in Python
with TensorFlow 2.4 [30] and TensorFlow Federated 0.18
[27]. To simulate multiple data providers in FL, we adopt
the multi-processing techniques and the gRPC protocol. The
experimental setup was executed on a machine equipped with
an NVIDIA GeForce RTX 3090 GPU, an AMD Ryzen 7950X
CPU @ 3.0GHz, and 128GB of main memory. Our exper-
iments incorporated multi-layer perceptron (MLP), convolu-
tional neural network (CNN) and XGBoost (XGB) models,
which are all extensively used in data science community.
When the number of FL clients is three, six, and ten, all
sampling-based approximation approaches are configured with
the same number of sampling rounds, i.e., 5, 8, and 32, respec-
tively (as in Table III). The open-sourced code is available
at “https://github.com/t0ush1/Shapley-Data-Valuation”.

n = 3 → γ = 5 n = 6 → γ = 8 n = 10 → γ = 32

TABLE III: The adopted sampling rounds (γ) for client number (n).

B. Performance on Synthetic Datasets

We showcase the experimental results under varying dataset
sizes, distributions, and noise levels. This series of experiments
presents the time cost and approximation error for the com-
pared algorithms using both MLP and CNN models. In each
of the following five training setups, we use ten clients in FL.
(a) same-size-same-distr.. Fig. 6(a) plots time cost and error of
compared algorithms. For the time cost, OR and IPSS have
the lowest time cost in both MLP model and CNN model.
The time cost of MC-Shapley is 62.2× and 104.1× as OR
and IPSS, respectively. For approxi error, IPSS is the lowest
and close to zero, i.e., the estimated data value via IPSS is
almost the same as the exact one. (b) same-size-diff.-distr..
From Fig. 6(b), OR is still the fastest in both MLP and CNN
model and IPSS is the second fastest. IPSS is 3.4∼9.0×
faster than GTG-Shapley and CC-Shapley, respectively. For
approximation error, IPSS outperforms other algorithms. OR
performs poor in accuracy. Overall, IPSS outperforms the
others in this setting. (c) diff.-size-same-distr.. As shown in
Fig. 6(c), OR and IPSS exhibit a lower time cost compared
to other baseline algorithms. For estimation error, IPSS also
approximates the exact SV well and outperforms the other
approximation algorithms significantly. The λ-MR ranks the
second in accuracy for both MLP and CNN model.(d) same-
size-noisy-label. From Fig. 6(d), the relative error of λ-MR
and IPSS is stable and IPSS still has the lowest error. The
relative error of Extended-TMC and Extended-GTB is 22.3×
and 22.5× of IPSS, respectively. (e) same-size-noisy-feature.
λ-MR and CC-Shapley have the highest time cost for MLP
and CNN models among all compared algorithms. As shown in
Fig. 6(e), the error of CC-Shapley and λ-MR is 10.3∼26.0×
and 22.1∼33.6× greater than that of IPSS, respectively.

C. Results on Real-world Dataset

We also validate our approximation algorithm on two real
dataset, which can be naturally partitioned several datasets for
clients in FL and we detail evaluations on each below.
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n Metrics Perm-Shap. MC-Shap. DIG-FL Ext-TMC Ext-GTB CC-Shap. GTG-Shap. OR λ-MR IPSS

MLP

3 Time(s) 3729 842 584 568 807 1021 47 12 29 258
Error(l2) - - 5.01 0.79 0.59 0.35 0.90 2.46 0.88 0.06

6 Time(s) 9.1×106 6496 1077 843 1120 2020 161 89 228 329
Error(l2) - - 0.70 0.96 0.90 1.93 0.89 3.13 0.87 0.49

10 Time(s) 6.8×109 95985 1695 3061 4129 5988 1086 1414 3764 568
Error(l2) - - 0.77 0.82 0.85 1.16 0.85 3.09 0.83 0.02

CNN

3 Time(s) 1629 372 230 231 352 413 26 7 22 142
Error(l2) - - 95.14 0.81 0.60 0.02 0.87 0.46 0.73 0.01

6 Time(s) 3.6×105 2783 407 352 484 667 108 47 154 211
Error(l2) - - 78.25 0.91 0.70 0.40 0.76 0.35 0.73 0.02

10 Time(s) 2.8×109 40134 655 1220 1612 2553 680 641 2504 257
Error(l2) - - 98.42 0.83 0.87 2.60 0.75 0.76 0.71 0.02

TABLE IV: We mark the “best performance” as green . “-” denotes
the solution can exactly computes the SV -based data values.

Results on FEMNIST. Table IV shows the experimental
results on FEMNIST [23] datasets across various numbers of
FL clients and we take both MLP and CNN as the FL model.
In MLP model. Taking MLP as the FL model, we have the
following observations: (i) In scenarios with ten FL clients,
our IPSS algorithm achieves the lowest time cost, reducing
computing overhead by 99% compared to MC-Shapley and
performing 2.98× and 1.91× faster than DIG-FL and GTG-
Shapley, respectively. (ii) In terms of the relative error, IPSS
significantly outperforms other algorithms across all numbers
of clients. Notably, the error of IPSS is 38.5× and 42.5×
lower than Extended-TMC and GTG-Shapley with 10 clients.
In CNN model. The results in CNN model exhibit similarities
to that observed in MLP model. (i) For the efficiency, OR
is superior when the number of clients is 3 and 6, while
IPSS is the fastest when there are larger number of clients.
(ii) Regarding approximation error, IPSS consistently shows
the lowest error over various clients, which is one order of
magnitude smaller than other approximation algorithms. (iii)
However, the relative error of DIG-FL is notably higher in the
CNN model. In summary, IPSS excels in efficiency with more
FL clients and consistently exhibits lower error compared to
baselines across various numbers of FL clients.

n Metrics Perm-Shap. MC-Shap. DIG-FL Ext-TMC Ext-GTB CC-Shap. GTG-Shap. OR λ-MR IPSS

MLP

3 Time(s) 720 164 94 95 138 199 59 13 48 69
Error(l2) - - 1.02 1.46 1.89 0.09 5.30 1.00 2.93 0.05

6 Time (s) 3.3×105 2820 252 220 306 530 271 74 347 146
Error(l2) - - 1.12 2.30 2.02 0.18 3.65 1.00 3.21 0.13

10 Time(s) 2.1×109 28983 454 732 1152 1850 1428 1127 5575 206
Error(l2) - - 1.23 2.19 1.97 0.09 3.95 0.99 3.83 0.08

XGB

3 Time(s) 29.2 6.5 4.7 4.6 8.5 8.2 \ \ \ 1.8
Error(l2) - - 0.95 1.38 0.45 0.27 0.04

6 Time(s) 13308 96 19 14 22 25 \ \ \ 3
Error(l2) - - 0.98 2.16 1.77 0.13 0.07

10 Time(s) 1.7×108 2256 50 81 111 151 \ \ \ 5
Error(l2) - - 0.98 1.41 1.59 0.13 0.12

TABLE V: We mark the “best performance” as green . “\” denotes
gradient-based approximation is not applicable to the XGB model.

Results on Adult. We also take a tabular dataset and adopt
the MLP and XGB model as the FL model to compare the
effectiveness and efficiency of the baselines. Table V presents
the experimental results over different client numbers.
In MLP model. The experimental results on Adult are similar
to those on FEMNIST, when using MLP as the FL model.
(i) For time cost, IPSS is still the most efficient when there
are 10 clients and it is 2.2× faster than DIG, the second most
efficient algorithm. (ii) For approximation error, IPSS exhibits

the lowest error over all client numbers, achieving an average
improvement of 43× over GTG-Shap and 34× over λ-MR.
In XGB model. As gradient-based algorithms (GTG-Shapley,
OR and λ-MR ) are not applicable to XGBoost, we evaluate
the definition-based and sampling-based approaches for cal-
culating the SV in this setup. The experimental observations
are as follows. (i) When varying numbers of clients, IPSS
consistently shows its superior in efficiency. When there are
10 clients in FL, it is 10∼30× faster than other compared algo-
rithms. (ii) Similarly, IPSS achieves the lowest approximation
error, reducing the error by 25.7× and 16.6× compared to
Extended-TMC and Extended-GTB, respectively. In this setup,
the proposed IPSS performs the best in efficiency as the client
number increases and achieves the highest accuracy as well.

D. In-depth Analysis of Compared Algorithms

Next, we conduct more interpretation experiments on the FL
benchmark dataset FEMNIST [23] to validate the efficiency
and effectiveness of the compared approximation algorithms.

1) Impacts of varying the sampling rounds: As the total
sampling round is crucial for sampling-based solutions (i.e.,
IPSS, Extended-TMC, Extended-GTB and CC-Shapley), we
study the impacts of varying total sampling rounds γ with ten
FL clients on FEMNIST [23]. From Fig. 7, we have following
observations. (i) As γ grows, IPSS has more stable and lower
error compared with other baselines. Specifically, the variance
in error of CC-Shapley is 7.7× and 50.9× higher than that of
IPSS on MLP and CNN, respectively. (ii) IPSS fast achieves
low approximation errors (i.e., below 10−2) with γ < 100,
whereas CC-Shapley reaches the same error level stably only
when γ > 200. In summary, IPSS achieves lower error more
quickly and stably than compared algorithms.

2) Pareto curves for time-error trade-off: We run the
sampling-based algorithms 100 times with each γ and plot
the Pareto curves to show the trade-off between efficiency and
effectiveness. The experimental results using FEMNIST [23]
across three, six, and ten FL clients are shown in Fig. 8 (a)∼(f).
We have the following observations: (i) IPSS achieves Pareto
optimality on FEMNIST across various numbers of FL clients.
(ii) Though OR runs fast in above end-to-end experiments with
three to six clients (in Table IV), IPSS can achieve comparable
performance to OR with a suitable sampling round γ.

3) Scalability test for larger FL clients: We conduct ex-
periments with up to 100 FL clients, a large-scale scenario
for cross-silo FL [1]–[3], where more than 1030 dataset
combinations must be assessed by SV definition, making it
infeasible to compute the ground-truth within limited time.
Thus, we set 5% of FL clients with empty datasets and 5% of
FL clients having same datasets as others and take the extent to
which algorithms satisfy required properties (i.e., no-free-rider
and symmetric-fairness) as proxies for approximation error.
We set the sampling round γ for sampling-based algorithms
to n log n. As in Fig. 9: (i) For running time, IPSS outperforms
Extended-TMC, Extended-GTB and CC-Shapley with both 20
and 100 FL clients. (ii) As client number increases from 20
to 100, the running time of our IPSS increases only by 2.4×.
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(a) Results of using the MLP as FL model. (b) Results of using the CNN as FL model.
Fig. 7: Results on FEMNIST when varying sampling rounds γ.

(a) Client#3+MLP (b) Client#6+MLP (c) Client#10+MLP (d) Client#3+CNN (e) Client#6+CNN (f) Client#10+CNN
Fig. 8: Pareto curves for trade-off in efficiency and effectiveness.

(a) Time cost. (b) Approximation error.
Fig. 9: Varying client number on FEMNIST using MLP model.

(iii) For error based on no-free-riders and symmetric fairness,
IPSS achieves the lowest error among compared algorithms.

4) Comparing variance of MC-SV and CC-SV: We run
Alg. 1 100 times using MC-SV and CC-SV, respectively, to
calculate their variance. The experimental results are shown in
Fig. 10. (i) As γ increases, the variance of MC-SV and CC-
SV initially rises and then decreases as almost all possible
combinations are sampled, introducing nearly exact data val-
ues with close to zero variance. (ii) Using both MLP and CNN
models, MC-SV exhibits lower variance than CC-SV, with FL
clients number from three to ten, consistent with the theoretical
analysis of Theorem 2 in Sec. III-B and justifying the selection
of MC-SV for our stratified sampling based approximation.

(a) Client #3∼#10 using MLP model

(b) Client #3∼#10 using CNN model
Fig. 10: Analysis of variance for MC-SV and CC-SV.

E. Summary of Experimental Results

Our major experimental findings are summarized as follows:

Efficiency. Among approximation algorithms evaluated,
Extended-GTB and CC-Shapley incur the highest time cost in
the most experimental setup. Our IPSS algorithm emerges as
the most efficient one in most setups, especially within larger
number of clients. The time cost of λ-MR increases exponen-
tially with number of FL clients, limiting its scalability.

Effectiveness. Leveraging insights in Sec. IV-A, the pro-
posedIPSS consistently achieves the lowest estimation errors
across nearly all setups. Though DIG-FL and OR are more
efficient than most compared baselines, they also exhibit a
higher approximation error in most experimental setups.

VI. RELATED WORK

Our work is mainly related to two lines of research topics:
the federated learning and the Shapley value based data
valuation. We review the representative work in the following.

A. Federated Learning

In recent years, data regulations (e.g., GDPR [31] and
CCPA [32]) have imposed strict requirements on data privacy,
posing challenges for privacy-preserving data analysis in both
academia and industry. Federated learning (FL), enabling
multiple data providers to collaboratively train models without
sharing their raw data, has emerged as a new paradigm to
tackle the data privacy issues. Based on the type of clients
(a.k.a. data providers), FL can be divided into two settings:
cross-device and cross-silo. We introduce each setting below.

1) Cross-Device FL: In this setting, the typical FL clients
are a large number mobile or IoT devices [1], where both the
computation and the communication is often the bottleneck.
Therefore, how to reduce the communication cost is a crucial
issue in cross-silo FL. In the seminal work [5], McMahan et al.
propose the most widely adopted FL algorithm, FedAVG, to
solve the well-known non-IID problem and reduce commu-
nication costs by aggregating model parameters rather than
gradients. Then, a series of subsequent works have proposed
FL algorithms, such as FedProx [33], Scaffold [34], etc. In ad-
dition to the non-IID issue, how to tackle device heterogeneity
has recently received increasing attention in cross-silo FL as
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well [35]–[38]. For example, authors in [35], [36] propose an
open-source platforms for real-world cross-device FL, called
FS-REAL, which supports advanced FL features such as
communication optimization and asynchronous concurrency.
Liu et al. [39] propose the InclusiveFL, an FL framework that
adjusts the size of models before assigning them to clients
with different computing capabilities.

2) Cross-Silo FL: Yang et al. [2] enrich the concept of FL
and introduce the cross-silo FL, a scenario usually involving
a small number of clients, such as institutions or companies
with abundant computational and communication resources.
The non-IID issue is also the central challenge in cross-silo FL.
Representatively, Huang et al. [40] adopt the neural networks
as the FL model and propose the FedAMP algorithm to solve
the non-IID problem and Li et al. [41] conduct a compre-
hensive experimental study to compare the performance of
various FL algorithms in cross-silo FL. Besides, tree-based
models have been widely studied in cross-silo FL by prior
work [7], [28], [29], [42], [43], especially when clients hold
the partitioned tabular datasets. In this paper, we focus on the
cross-silo FL setting and adopt both the neural networks and
tree-based models as the FL model in our evaluations.

B. Shapley Value Based Data Valuation

The Shapley value [44] has been widely adopted in data
valuation [7], [11], [12], [15]–[17], [19], [45] and some
variants are proposed for various scenarios or requirements
[8], [10], [13], [21], [46], [47]. Data valuation can be divided
into two categories: within a dataset and across datasets.

1) Data Valuation within a Dataset: It aims to fairly mea-
sure the importance or contribution for each sample (i.e., data
point). In 2019, Ghorbani et al. [17] first introduce the Shapley
value in data valuation and define the Data Shapley value to
qualify the influence of a sample in a dataset. To reduce the
computational overhead, they further propose two approxima-
tion algorithms, Truncated Monte Carlo and Gradient Shapley,
where the former can be extended to the FL framework
[6]. Since computing SV is usually time-consuming, prior
work primarily focus on how to design effective and efficient
approches to SV based data valuation. Jia et al. [11] propose an
exact and efficient algorithm to calculate valuation of samples
for kNN classification in O(n log n) time complexity, where
n is the dataset size. They also leverage the sparsity of SV for
a singel sample in a dataset to enable efficient approximation
[18]. However, the sparsity of SV is inexistent in cross-silo
FL, so we only extend their another sampling-based algorithm,
Group Testing Based SV, as a baseline in our paper. Zhang
et al. [19] propose a novel equavilent expression of SV based
on complementary contribution, upon which they design a
sampling-based approximation algorithm for SV that is also
applicable for data valuation. We compare their proposed
equavilent SV expression (referred as CC-SV in this paper)
with another two commonly used SV expression and adopt
the approaches in [19] as one of our baselines as well.

2) Data Valuation Across Datasets: It aims to identify the
contribution of each dataset (i.e., the contribution estimation),

which is consistent with the data valuation in FL [7], [13], [48],
where how to design an efficient and effective approximation
algorithms is the primary issue. The typical algorithms in
this setup is the gradient construction based approximation,
which utilizes gradients in FL to build federated models
under various dataset combinations and avoids the need to
train extra FL models for data valuation. Song et al. [6]
first propose the gradient construction based approaches to
measures the contribution of datasets in FL and they also
propose another algorithm, λ-MR, to further reduce time cost
by reconstructing FL model based on gradients in each training
round [9]. In [12], the authors propose an efficient algorithm
called GTG-Shapley to approximate the SV by combining the
on the gradient construction with Monte Carlo sampling. We
compare our proposed algorithm against OR, λ-MR and GTG-
Shapley in experimental evaluations. Besides, Wang et al. [7]
propose an efficient data valuation approaches to measure the
contributions of clients in FL, which only needs linear number
of evaluations under certain assumption and we take their
approach as the baseline as well. Zheng et al. [45] study the
secure data valuation for cross-silo FL and exploring ways to
enhance the efficiency using an efficient two-server protocol.
As security is outside the scope of this work, we do not take
their approach as one of the baselines in our experiments.

VII. CONCLUSION

In this paper, we investigate the Shapley value based
data valuation in FL and introduce an efficient and effective
sampling-based approximation algorithm, IPSS. Specifically,
we first propose a unified stratified sampling-based approxima-
tion framework that seamlessly integrates both MC-SV-based
and CC-SV-based computation schemes. We also identify a
crucial phenomenon called key combinations, where only
limited dataset combinations highly impact final data value
results in FL. Building upon our new findings, we propose a
practical approximation algorithm, IPSS, which strategically
selects high-impact dataset combinations rather than taking
all possible dataset combinations in FL, thus significantly
improving the efficiency with high approximation accuracy.
Finally, we conduct extensive evaluations on real and synthetic
datasets to validate that the proposed IPSS outperforms the
representative baselines in both efficiency and effectiveness.
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